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PEEFACE. 



This Treatise is in part a republication of those portions of 
my work on Mechanical Philosophy which treat of Attractions, 
Laplace's Functions, and the Figure of the Earth. 

I have frequently regretted having parted with the copy- 
right of that work, as the leading object I had in view in first 
presenting it to the University has been entirely defeated 
since the transfer, by the appearance of separate treatises in 
its place instead of a new edition in one volume. Had 1 re- 
tained the work I shouldr. have, published a third Edition 
of the whole in its original form, with the improvements 
which further reading and farther thought would have 
suggested. My object in first publishing the work was, to 
comprise in one view and in one volume a complete course 
of Mechanical Philosophy, leading the student from elemen- 
tary mechanical principles to the highest branches of the 
Mechanism of the Heavens. I conceived, that by the unifor-* 
mity of the system which a single treatise could ensure^ 
students might be assisted in reading higher in these subjects 
than they had been accustomed to do, without any additional 
amount of labour. 



Yl PREFACE. 

In the present Treatise I have become myself an accom- 
plice against my own design as at first conceived, by devoting 
a separate Volume to the republication, with considerable 
additions and improvements, of one part only of the original 
work. The disappearance of the Mechanical Philosophy has 
removed from the student — at any rate for the present, as 
no other work has yet appeared at Cambridge to supply the 
i^ant — one subject of great importance and high interest, 
which that work first introduced into the University — 
I mean Laplace's Coefficients and Functions and the calcula- 
tion of the Figure of the Earth by means of his remarkable 
analysis. The late Professor O'Brien subsequently published 
a Tract on the same subject; but it was incomplete. A 
Fourth Edition of Mr Airy's Tracts has been recently 
published, and in these is a treatise on the Figure of the 
Earth. But he adheres by choice (as stated in his Preface) 
to the "geometrical and quasi-geometrical methods." There 
is still room, therefore, for the present Treatise; as no 
student of the Higher Branches of Physical Astronomy 
should be ignorant of Laplace's Analysis and its results— 
" a calculus," to use Mr Airy's language, " the most singular 
in its nature, and the most powerful in its application that 
has ever appeared*." 

* See Article on Figure of the Earth, in the JEneyclopcedia Metropolitana, 
p. I9«. 



PREFACE. Vll 

There are problems in the Figure of the Earth which the 
geometric and quasi-geometric methods cannot touch, and of 
which the student must remain ignorant, if he is ignorant 
of the method of potentials. 

It has been my endeavour to put the well-known difficulty 
in Laplace's analysis, arising from the use of a discontinuous 
function, in the clearest light, that the student may understand 
both what it is and how it is overcome. I have made use of 
Professor Stokes's valuable Paper in the Cambridge Philo- 
sophical Transactions of 1849 on the " Variation of Gravity 
at the surface of the Earth." I have also introduced some 
Propositions on the Geodetic Method of determining the 
Figure of the Earth, suggested by an acquaintance with 
the circumstances of the Great Trigonometrical Survey of 
India, and by the volume of the Ordnance Survey of Great 
Britain and Ireland recently published by Lieut.-Colonel 
James, K.E., Superintendent of the Ordnance Survey. 

J. H. P. 

Calcutta, 
Fefyrvary 15, i860. 
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ATTRACTIONS AND LAPLACE'S 

FUNCTIONS. 



1. The Law of Universal Gravitation teaches us, that 
every particle ol matter in the universe attracts every other 
particle of matter with a force varying directly as the mass of 
the attracting particle and inversely as the square of the distance 
between the attracted and the attracting particles. Taking 
this law as our basis of calculation, we shall investigate the 
amount of attraction exerted by spherical, spheroidal, and 
irregular nearly-circular masses upon a particle, and apply 
our results in the second part of this Treatise to discover the 
Figure of the Earth. We shall also show how the attraction 
of irregular masses lying at the surface of the Earth may be 
found in order to estimate the effect of the irregularities of 
mountain-land and the ocean in modifying this figure. 



CHAPTER I. 

ON THE ATTRACTION OF SPHERICAL AND SPHEROIDAL 

BODIES. 

Prop. To find the resultant attraction of an aasemhlage of 
particles constituting a homogeneous spherical shell of very smalt 
thichness upon a particle outside the shell: the law of attraction 
of the particles being that of the inverse square. 

2. Let be the centre 
of the shell, P any particle 
if it, OP=r^ dr the thick- 
ness, (7 the attracted particle, 
£.POG=0\ mPMn a plane 
perpendicular ix) OG, <f) the 
angle which the plane POG 
makes with the plane of the 
paper, PC7=y. 



P. A. 




\. 



2 ATTRACTIONS. 

The attraction of the whole shell evidently acts in CO. 

Let OP revolve about through a small angle dO in the 
plane MOP] then rd9 is the space described by P. Again, 
let 0PM revolve about 0(7 through a small angle d<\>, then 
r sin 6 d^ is the space described by P. And the thickness of 
the shell is dr. Hende the volume of the elementary portion 
of the shell thus formed at P equals rdd .r sin dd(f>. dr ulti- 
mately, since its sides are ultimately at right angles to each 
other. 

Then, if the unit of attraction be so chosen, that it equals 
the attraction of the unit of mass at the unit of distance, 
the attraction of the elementary mass at P on G in the 
direction GP 

ordain OdrdOdd) ^^ ^ ., n .i in 
= ' a , p tnfe density oi the shell ; 

^„ ,^ . ^^ fyr^ aia 6 drdOdd) c—r cos 
.*. attraction oi Pon Cm C0 = - « . 

y y 

We shall eliminate Q from this equation by means of 

y2 = c'* + r^-2crcos^, 

:. sm ^ ^- = "^ , c - r cos ^ = '- — ; 

ay <yr 2c 

/. attraction of P on (7 in CO = ^-j- f 1 H 5— j dyd<l>. 

To obtain the attraction of all the particles of the shell we 
integrate this with respect to (f> and y, the limits of <^ being 
and 27r, those of y being c — r and c + r; 

,', attraction of shell on C= ^--2- 1 / (l-\ ^ j dyd^ 

__ TTfyrdr C"^ ( c^ — t\ , _ irprdr 



(? 



L('-^)*=^(---) 



_ ^irpr^dr _ mass of shell 
c c 



SPHERICAL SHELL ON INTERNAL POINT. 3 

This result shows that the shell attracts the particle at G 
in the same manner as if the mass of the shell were condensed 
into its centre. 

3. It follows also that a sphere, which is either homo- 
geneous or consists of concentric spherical shells of uniform 
density, will attract the particle C m the same manner as if 
the whole mass were collected at its centre. 

Prop. To find the attraction of a homogeneous spherical 
shell of small thickness on a particle situaied within it, 

4. We must proceed as in the last Proposition; but the 
limits of y are in this case r — c and r + c ; hence, 

attraction of shell = — ^g — I ( 1 3— ) dy 

J r^ \ y * 

= !!^(2c-2c)=0; 

therefore the particle within the shell is equally attracted in 
every direction. 

5. This result may easily be arrived at geometrically in 
the following manner. Through the attracted point suppose 
an elementary double cone to be drawn, cutting the shell in 
two places. The inclinations of the elementary portions of 
the shell, thus cut out, to the axis of the cone will be the 
same, the thickness the same, but the other two dimensions 
of the elements will each vary as the distance from the at- 
tracted point; and therefore the masses of the two opposite 
elements of the shell will vary directly as the square of the 
distance from that point, and consequently their attractions 
will be exactly equal, and being in opposite directions will 
not affect the point. The whole shell may be thus divided 
into pairs of equal attracting elements and in opposite direc- 
tions, and therefore the whole shell has no effect in drawing 
the point in any one direction more than in another. 

6. The results of these two Propositions are so simijle 
and beautiful, that it is interesting to ^ivcj^T^^'WSwst*^^^^ 



4 ATTRACTIONS. 

properties belong exclusively or not to the law of the inverse 
square of the distance. To determine this is the object of the 
four following Propositions. 

Prop. To find the attraction of a homoffeneous spherical 
shell on a particle without it; the law of attraction heing repre-- 
sented 5y ^(y), y being the distance. 

7. The calculation is exactly analogous to that given 
above : we have only to alter the law of attraction. Then 
attraction on C In GO 

= -^^ — I (y*+ c' — r*) ^ (y) rfy (Integrated by parts) 



= '^i(l/'+<^-^I<f>(^)dy-2M<f>{l/)dy}dy] 
_ irpr r |^ ^.^ _ ^^ ^^ ^j _ 2^ (^^ ^. const.} suppose, 

=2irprdr |^ ^^ {c+r) -^f (c+r) - ^ <At (c-*") + ^ ^ (c-r)} 
^2,rprdr ^ jf{c + r)-^{c-r))^ ^ 

this latter form being introduced merely as an analytical 
artifice to simplify the expression. 

Prop. To Ji7id the attraction of the shell on an internal 
particle^ with the same law, 

8. The calculation is the same as in the last Article, 
except that the limits of y are r — c and r + c, 

{r-\-c 1 
^i(»*+c) — T -^(r + c) 



^2^p,j,|| t(^ + o)--^(r-c) |^ 



SHELL COLLECTED IN ITS CENTEE. 5 

Fbop. To find what laws of attraction allow us to suppose 
a spherical shell condensed into its centre when aMracting an 
external point. 

9. Let (r) be the law of force ; then if c be the distance 
of the centre of the shell from the attracted point and r the 
radius of the shell, and 

-^ (r) = / [rj<f> if) dr] dr^ 
then the attraction of the shell 

But if the shell be condensed into its centre, the attraction 

= 4t7rp9^ dr ^ {c) ; 

~ dc\do~ c"^ d<f c 17273'^ "V 

. d_fl^±c\_f. d (1 d'ylrc\ _ 
" dc\c do' )~ ' dc\c tfcV ""'••• 

But ^ = c!<l>{c)de, ^=/^(c)(fc+c^(c), 

therefore by the first of the above equations of condition 

- Ac + -?- = const* = 3-4, 
c^ dc 



6 ATTRACTIONS. 

and multiplymg by c» and integrating 
A and B being independent of c, 

This is the most general solution of the first of the equations 
of condition for '^ (c), and it satisfies all the rest. Hence the 
only laws of attraction which have the property in question 
are those of the direct distance, the inverse square, and a law 
compounded of these, 

Peop, To find for what laws the shell attracts an internal 
point equally in every direction, 

10. When this is the case 



d_ [^{r-^-c) — '^fr (r--c) { _ 
dc\ c J""' 



d'^ d^yjrr <? ^ A 

ItF"^ dr' 17273"^ •••■"""' 

whatever c is, A being a constant independent of c ; 

" dr " ^' dr' ""'••• 
These conditions are all satisfied if the first is : this gives 

rf<l>{r)dr = '-A, <^ (r) = ^ , 

and therefore the inverse square is the only law which pos- 
sesses this property. 

11. The form of the Earth and of the other bodies of the 
Solar System difiering from the spherical, and more resem- 
bling the spheroidal, it is desirable to find the attraction of a 
spheroid upon an external and an internal point. 

Prop. To find the attraction of a hxyraogeneous oblate spAe- 
roid upon a particle within its mass; the law of attraction oeing 
that of the inverse square of the distance. 



HOMOaENEOUS SPHEROID ON INTERNAL POINT. 7 

12. Let a, c be the semi-axes; the minor axis 2c coin- 
ciding with the axis of z : then the equation to the spheroid 
from the centre is 

Let fgh be the co-ordinates to the attracted particle, which 
we shall take as the origin of polar co-ordinates, 

r = radius vector of any particle of the attracting mass, 

6 = angle which r makes with a line parallel to z, 

<f> = angle which the plane in which 6 is measm'ed makes 
with the plane xz ; 

.•. X =/+ r sin ^ cos 0, i/=:g + r sin ^ sin ^, js = A + r cos 0, 
and the equation to the spheroid becomes 

(/+ y sin 6 cos <^)' + (^ + r sin ^ sin 0)^ (h + r cos Oy __ 

a <r 









a c 



^ sin'^ cos'*^ ^ 
/sin ^ cos ^ ^S' sin ^ sin A cos ^ _ ^^ 

and i^ + ^(^l-/l+5:!^^)=^, 

then K''f^ + 2KFr + F^ = H, 
and the values of r are 



8 ATTRACTIONS. 

The volume of the attracting element = r^ sin OdrdOd^ as 
in Art. 2 : let ^ be the density of the spheroid. Then the 
attraction of this element on the attracted particle is 

painOdrdOd^: 

and the resolved parts of this parallel to the axes of ocyz are 

p sin' cos (I>drd6d(f>, p sin' sin ^drd0d^, 

p8in0cos0drd0d<l>. 

Let Af ByChe the attractions of the whole spheroid in the 
directions of the axes, estimated positive towards the centre 
of the spheroid. Then these ejiual the integrals of the attrac- 
tions of the element ; the limits of r being — r and r", of 
being and tt, of <f> being and tt. Hence 

^ = —1 I p mi^0 COS <l>drd0d^, 

<J -JfJ •' 

B = - ] rrp sin* sin 4>drd0d<t>, 



-r^ 0*' 



C = — I I y pQm0cos0drd0dj>^ 

A = -p f'fV' + »•') ^^ ^ cos <t>ddcl<l> 

-^sin' cos <l>d0d<l>. 

Now it is easily seen that if JR (sin a, cos' a) be a rational 
function of sin a and cos* a, then 

I B (sin a, cos' a) cos ada = 0. 

J 

Therefore by substituting for F and K we have 



A - 9/„.« ['[' sia'd COB' <l,ded4, 



HOHOGENEOUS SFHEBOID ON INTEBNAL POIHT. 9 

.,[' sin' d dd _j,j, [' (l-coa'g) sin 0d0 ^ 

= ^p ^L I ;J^ — tan-' (i^^Z^co60\ +co8^ + const.} 

= 2ij/p |— ^— sin ' e ^|, 

In the same manner we should find that 



B 






Also (7= 2/» j j ig^sin ^ cos ^rf^d^ 



= 2 Aa' f'f sin <? cos* grfg(a^ 
J.i„ c" sin* ^ + a* cos* 6 



= 2.rp& ^/' {sin g - ^, ^ (^^,^f eos' g } ^^ 






* If the spheroid be prolate, e is > a and the denominator of this must be 
written c*— (c" — a") cos* $, and the integral would invoU^ Vo\55X)iS!afi& \»s*»»^ 
of circular arcs. 



10 ATTRACTIONS. 

13. We gather from these expressions, that the attraction 
is independent of the magnitude of the spheroid, and depends 
solely upon its ellipticity. Hence the attraction of the sphe- 
roid similar to the given one, and passing through the attracted 
particle, is the same as that of any other similar concentric 
spheroid comprising the attracted particle in its mass. Hence 
a spheroidal shell, the surfaces of which are similar and con- 
centric, attracts a point within it equally in all directions. 
This property can be proved geometrically exactly as in 
Art. 5. 

14. If we put the ellipticity of the spheroid =.e, and sup- 
pose 6 so small that we may neglect its square, we have 

e« = l-^ = l-(l-£)' = 26; 

0=|.p(l+|.)A. 

If we had taken an ellipsoid instead of a spheroid, the ex- 
pressions would not have been capable of integration. 

15. If we had attempted to find the attraction on an exter- 
nal particle according to the process of the last Article, we 
should have fallen upon expressions which no known methods 
have yet integrated ; and therefore we are unable by any di- 
rect means to obtain the attraction of a spheroid on an external 
particle. Mr Ivory has, however, devised an indirect method 
of obtaining it, which we shall now proceed to develop. He 
has discovered a theorem by which the attraction of an ellip- 
soid upon an external particle is shown to be proportional to 
that of another ellipsoid, dependent on the first for form and 
dimensions, upon a particle internal to it, and therefore (in the 
case of a spheroid, or ellipsoid of revolution) determinable by 
the last Proposition. 

Peop. To enunciate and prove Ivory's Theorem. 

16. Let ^+^ + 5=1, and^+| + ^ = l, 
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be the equations to the surfaces of two ellipsoids having the 
same centre and foci : then 

a'-J» = a^-/?, a»-c» = a^-7^ (1). 

Let fgh^ fg^^ ^^ the co-ordinates to two particles so situ- 
ated on the siraaces of these ellipsoids that 

/_a 5r__J A_c ,. 

/-a' ^'~/3' A'-ry ^^> 

Also since {fgK) {f'g'Ti) are points in the surfaces of the first 
and second ellipsoids respectively, we have 

Then the attraction of the first ellipsoid parallel to the aocis of 
X on the particle at the point {/'g'h') on the surface of the second, 
is to the attraction of the second ellipsoid on the particle at the 
point (fffh) on the surface of the first in the same direction, as 
ab : 0)8, the law of attraction being any function of the dis- 
tance: and similarly with respect to the axes of y ana z. This 
i^ Ivory's Theorem. 

We shall, for convenience, represent the law of attraction 
by the function r<^ if), r being the distance. 

The attraction of the first ellipsoid on the particle {f'gh!) 
parallel to the axis of z 

= />///(*' -z)^ {(/' - xY + (^ ^yf + {K - zY] dxdydz, 
thelimitsofaare— Ca /[ 1 — '^ fi) > ^^^ ^\/ \ ^ — «"" A») ' 

the limits of y are — ^a/( 1 — a) > ^^^ ^ \/ [^ — «) » 
and the limits of x are — a and a 
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between the specified limits : 

it must be remembered that in this expression 

but we do not substitute this value merely that the fiinction 
may be preserved under as simple a form as possible. Now 
put a? = ar, y=^bs, z = ct, then the attraction 

- 1 {(/' - «»•)' + iff' - *«)' + (A' + ctyU drds, 

the limits of s being — V(l — »"') and V(l —^^ and those of r 
being — 1 and 1 : also t = »J{l — r* — «'). 

Now (/' - ary + {g' - hay + {K + cty 

=/-» + ^-s + A-* _ 2 {far + g'hs ± h'ct) + aV + 5V + <?e, 

substituting for A"* by (3) and for ^, 

=/" (l -Q +y' (l - ^W-^ifar+g'bs ± h'ct) 

+ (a»-c')r'+(J*-c^»' + (^, 
eliminating fg'h' bj (2) and making use of (1), 

+ (a'-7»)r»+08»-7»)«» + y 
=f+f + h*-2 {far +g^8 ± hit) + aV + jS's' + f/e, by (3), 

= (/-ar)«+(^-)8«)»+(A±7«). 

Hence the attraction of the First Ellipsoid on {fg'h') 
parallel to z, 

= pai IJ [t {(/- «»•)' + {ff- /3«)* + (A + yty} 

-^{{f-ary+{g-^sy+{h-yt)*}-]drd8 
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= ~5 X attraction of Second Ellipsoid on {fgh) in the same 

direction. 

The same may be proved for the attractions parallel to the 
other axes: and consequently the Theorem, as enunciated, 
is true. 

We may observe that one of these ellipsoids must neces- 
sarily be wholly within the other. For if not, the points in 
which they cut each other lie in the line of which tne equa- 
tions are 

a c a p> Y 

Suppose a less than a; the points of intersection must 
satisfy the equation 

and this by (1) becomes 



©■- %h &'">■ 



an equation which can be satisfied only by a? = 0, y = 0, 
z = 0. But these do not satisfy the equations above; and 
therefore the surfaces do not intersect in any point. 

To find the attraction of any ellipsoid of which the semi- 
axes are a, 5, c upon an external point {f'ff'h') by the help of 
this Theorem, we must first calculate the attraction of an ellip- 
soid of which the semi-axes are a/S^, determined by equations 
(1) and the second of (3), on an internal point {Jyh), fy g and 
h being given by equations (2). And then the attractions 
required will be those multiplied by 

he axi cib .• i 



CHAPTER II. 
Laplace's coefficients and functions. 

17. In the present Chapter we shall develop the properties 
of those remarkable quantities which have received the name 
of their great discoverer, under the designation of Laplace's 
Coefficients and Functions. To do this it will be neces- 
sary to anticipate the subject of the following Chapter, and 
to bring in here a Proposition which should properly staiid at 
the head of that division of this treatise. 

Prop. To obtain formulce for the calculation of the attracHon 
of a heterogeneous mass upon any particle. 

18. Let p be the density of the body at the point (ayz) ; 
fgh the co-ordinates of the attracted particle ; and, as before, 
suppose that A, B, C are the attractions parallel to the 
axes X, y, z. Then 

_ [[[ p{f-x)dxdydz 

[[[ p{g-y)daidydz 

^ ~ Ui {(/- xy+ iff - yy+ {h ~ z)j ' 



°-l\\w^ 



p {h--z)dxdydz 



{{f-^y+iff-i/y+{h-z)r 



the limits being determined by the equation to the surface of 
the body. 



JJJ \if-xY+(g-vY- 



j_ dV dV ^_ dV 

19. It follows, then, that the calculation of the attractions 
A, B, C depends upon that of V. This function cannot be 
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calculated except when expanded into a series. It is a function 
of great importance in Physics : and, for the sake of a name, 
has been denominated the Potential of the attracting mass, as 
upon its value the amount of the attractive force of the body- 
depends. 

20. As the axes and origin of co-ordinates in the previous 
Article are altogether arbitrary, it follows that if r be the 
distance of the attracted point from any fixed point in the 
attracting body, then the attraction in the line of r, towards 

the ongm oi r, = -- -7- . 

cPV d^V d?V 
Prop. To prove that -^ + -^-^ + -^ = 0, or — 47r/)', ac- 

cording as the attracted particle is not or is part of the mass 
if^^lff p heing the density of the attracted particle in the 
latter case, 

21. By differentiating F, we have 
dV _ CCC — p (/— x) dxdydz 



df JJJ{{f-xy+{3-yy+ih-zrV' 

In the same manner we shall have 

^^ \{{ P {2 («/ - y)' - (/- a;)' -{h- z)"} dxdydz 
ds" JJJ [{f-xr + {g-yr+{h-zY\i 

fV- [[[p{^i^-''y-{ f-^r-{ff-yY}dxdydz _ 
dh' ]}] {{f-ai)*+{g-yy+{h-zy]i 

d'V d'V d'V_ /•/•/• Ox dxdydz 



~IjJ {{f-x 



■■ df^ df ^ dh' jjj {(/- xy+(ff- yy +{h- zy}i • 

When the attracted particle is not a portion of the attract- 
ing mass itself, then a^yz will never equal fyK \fc'^'^^^^K5l^ 
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and consequently the expression under the signs of integration 
vanishes for every particle of the mass : 

•'• df^d^^ dh^ " ^' 

This equation was first given by Laplace : and Poisson was 
the first who showed that it is not true when the attracted 
particle is part of the attracting mass. In that case the deno- 
minator of the flection under the signs of integration vanishes, 

and the firaction becomes - , when x =/, y—g^ « = A. 

d^V d^V d*V 
To determine the value of ^^ + -tj + -jjj- in that case, 

suppose a sphere described in the body, so that it shall include 
the attracted particle ; and let F= U+ U\ ?7 referring to the 
sphere, and U' to the excess of the body over the sphere. 
Then, by what is already proved, 

df^dg^^ dh^ ""'* 

^V ^d^V ^ d'Vd'U d'U d'U 
** df^dg'^dWdf '^'d^^'W 

The centre of the sphere may be chosen as near the 
attracted particle as we please; and therefore the radius of 
the sphere may be taken so small that its densi^ may be 
considered uniform and equal to that at the point (jfyA), which 
we shall call p'. 

IjSiifg'Ji be 'the co-ordinates to the centre of the sphere; 
then the attractions of the sphere on the attracted point 
parallel to the axes are, by Art. 3, 



^ (/-/'), 


'7 ^ 9\ Y {h k'). 


dU 


dU dU , ._^ „^ 
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drU d\U d^U__ , 
•'• df^df^ ~dV " ^^ ' 

^ d^V d^V . 

when the attracted particle is within the attracting mass. 

22. It may be shown by precisely the same process as in 
the previous Article, that 

d*R cPR d'R^ 
'^'^dg^'^W^' 

where iJ = {(/- a?)» + O7 - y)» + (A - z)r\ 

the reciprocal of the distance of any point of the body from 
the attracted particle. 

Prop. To transform the partial differential equation in R 
into polar co-ordinates. 

23. Let rOo) be the co-ordinates of (Jgh), and rO'to' o{ 
{xyz)y the angles 6 and ff being measured from the axis oiz; 
G) and a>' being the angles which the planes on which and 
0' are measured make with the plane zx. Then 

/= r sin d cos a>, ^ = r sin ^ sin co, A = r cos 0, 

a? = r sin ^ cos ©, ^' = r sin ^' sin ©', A'=:r'cos^'. 

These are the same as 

dB_dRdr dRdO dR dm 
•■• df~dr df^de df^dm df 



d^_£dB^ d dRdO ddBda 
df'dfdr df^dfdB df^dfdm df 

dBiPr dRd^ dR£w 
'^ dr df^ de df^da df 
P. A, 
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~ rfr» df"^ def df^ da* df 

ePR^drde dPB_ dr^ dm , ^ d*R M dm 
■•" drdJQ df df^ drdm df df^ dOdm df df 

dJR d^ dB^^ dSd'et 
^ dr df'^dd df '^da df ' 

jijf d'R 

The expressions for -tj and -rpr are of the same form. 

These three must be added together and equated to zero. 
When this is effected the formulee (1) make 

the coefficient of -^ = ^ + ^ + ^ = 1, 

. „ . ^ .d*B d^ ^dff d(P 1 

the coefficient of^ =^ + ^, + ^. = -5, 

^, a. . . ed*B da* . dm* dm* 1 

the coefficient of -j-g = -t« + -t-s + 375 = 



dm" df ^ dg'^ dh* r' sin'd ' 

the coefficient of ^-2^^ + 2^^ + 2'^'''^^-0 
the coefficient ^^ ^^e'^ dfdf^^ dg^^^dhdh-^' 

xT- m • 1. r ^'^ ^drdco . ^dr da) . ^dr don 
the coefficient of ^j-r- = 2:7?-t7. + 2-7--j- + 2^7-^ =0, 

the coefficient of -^ -2- — + 2^'^ + 9^^^^-n 
thecoeacientot^^^^-2^^^^ + 2^^ + 2^^ = 0, 

the coefficient of ^ = ^, + ^^ + ^ = --, 

- ^. ^ ,rf^ d^0 d^0 d^0 cos5 
the coefficient of -^ = -r^ + -^-s + -j^ = „ . . , 

dO dp d^ dJf r'sin^' 

the coemcient ot -j- = -rr^ + -r^ + -rrs = 0. 

oo) fl(/^* dgr dh* 
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Hence the equation in B becomes 

d'R 2 dR 1 d^R COB dB 1 d'B 
d7^ '^ r dr "^ r^ dff" '^ r^amO dO"^ f^am^d da>''^^' 

d'.rB d^B coaddB 1 d^B 
•"• "" rfr* "^rf^ "^sin^rf^'*"sin»^dii)»~"- 

Put COS = fly then 

d^.rB d f,. ^ dB) 1 d'B 



d { f^ 9. dB) 1 



= 0. 



(1), 



rfr* dfi\^ ' dfi) 1—fjfdfo* 

Pkop. 2b explain the method of expanding Bin a series. 

24. The egression for B becomes, when the polar co-ordi- 
nates are substituted, 

[^ + r** - 2rr' {fifi' + V1-/a' Vl-/i"cos (© - ©')}]"*, 
and this may be expanded into either of the series 

^oy +-M^+ + -P<^+ ••• 

1 r r'* 

where P^, P^j.-.P,... are all determinate rational and entire 
functions of /l&, 

Vl — /a' cos 0), and Vl — /tt^sin a> ; 
and the same functions of fi\ 

Vl— /Lt" cos tt)', and Vl — /a'* sin ©'. 

The general coefficient P, is of t dimensions in fi, 

Vl — /Lt' cos ft), and Vl —/a' sin «. 

The greatest value of P, (disregarding its sign) is unity. For 
if we put 

fjLfi + Vl-/x* Vl -/x"cos (ft) - ft)') = cos <^ = - (z -v A n 
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then P^ = coefficient of <f in 

(1 +.c" - 2c cos ^)"*, or (1 - c«)"* ( 1 - -) 
= coefficient of c* in 

= 2.4cosii^ + 2J5cos(i-2)^+... 

j4, J5... being all positive and finite. The greatest value of 
this is, when ^ = 0. Hence P< is greatest when <^ = 0. 

But then P,=? coefficient of c' in (1 + c' - 2c)"* or (1 - c)"' 
= coefficient of c*in 1 +c + c* + ... + c^+ ... 
= 1. 

Hence 1 is the greatest value of P<. It follows that the 
first or second of series (1) will be convergent according as r 
is less than or greater 'than r . 

To obtain equations for calculating the coefficients Po, Pj, 
...Pj... substitute either of the series (1) in the diflferential 
equation in JS in the last article, and equate the coefficients of 
the several powers of r to zero. The general term gives the 
following equation : 

by integrating which P, should be determined*. The series 
for R would men be known. 

25. The functions P^y Pj...P,... possess some remarkable 
properties which were discovered by Laplace. They are there- 
fore called, after him, Laplace^ s Uoefficienta, of the orders 0, 
1, ... t ... It will be observed that these quantities are definite 

* For the direct integration of this equation, see two Papers in the PkUo- 
sofJuealTranaaeiioMfoT 1841 and i857|b7MrHai^eaye and Professor Donkin 
respectiyely. 
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and have no arbitrary constants in them. Laplace's Co- 
efficients are therefore certain definite expressions involving 
only numerical quantities with /a and ©, ii and &>'. Any other 
expressions which may satisfy the partial diflferential equation 
in P<, which is called Laplace's Equation, may be designated 
Laplace^ 8 Functions to distinguish them from the ''Coeffi- 
cients." The fundamental properties of these Coefficients and 
Functions we shall now proceed to demonstrate. 

Prop. To prom that if Q^ and R^ he two Laplac^a Co- 
efficients or Functions^ then I I Q^R^'dflda> = 0, when i and 
i are different integers, 

26. By Laplace's Equation in the last Article 
By a double integration by parts 
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since when © = and 27r, each of the functions ft, JJ,', -^j 

--r-^ has the same valnes, because they are fonctions of /x, 

Vl — /a'cos &> and Vl — /tt* sin co. 
Hence, i I Q^R^'djidio 

by Laplace's Equation. 

Hence, I I QiRi'dfiday^O, when t and «' are unequal. 

When they are the same the equation becomes an identical 
one, and therefore gives no result. 

This property is true also when t = 0, as may easily be 
shown by going through the process of the last Proposition, 
ft being ft or a constant. 

Prop. To prove that a Junction q/* /a, Vl — /a* cos a, and 

Vl — /i'* 5tn tt), as FQiy a>), can he eocpanded in a series of 
Laplace^ s Functions; provided that F(ji, ©) do not become in" 
finite between the limits — 1 and loffi, and and 2ir of to, 

27. This very important Proposition will occupy the 
present and five following Articles. 

Let /A/i' + Vl — /a' Vl— /i'* cos (ft) - ft)') =^ ; then by Art. 24, 

(l + c"-2g?)"* = l+P,c + P/+ +P/;*+ 

c being any quantity not greater than unity. 

Differentiate with respect to c, 



— c 



(l + c*-2cp) 



-— .,=P, + 2P'c + + tP^- + 



EXPANSION IN TERMS OF LAPLACE'S FUNCTIONS. 23 

Multiply this by 2c and add it to the former equation. 

•■• (1 W-2cp)* = ^ + g-Pi<'+ 5-P/ + + (2«+ 1) Pfi* +••• 

Now c being quite arbitrary we may put it = 1. Then the 
fraction on the left-hand side of this equation vanishes, except 
when p = l; in which case the fraction on the left hand be- 
comes apparently indeterminate : but it is in reality infinite. 

For when j?=l, (^ ^ ^»"1^2^)i = -^^3^, = infinity, when c=l. 

When 2? = 1, then 
003(0, -a,) = ^^^_^^^^_^^=^ ^_^,_^.^^,^,„ 

and that this may not be greater than unity we must take 
fjL^ + /i^ not greater than 2fifi\ or {fi'^fiY not greater than 
zero. Hence fi = fi, and therefore cos (©' — <») = 1, and &>'= ©. 

These, then, are the values of fi and a which make p = l. 

. 

Hence, the series 1 + 3P^+5P^ + + (2t+l)P,+ 

vanishes for all values of fi and ©, fi and (»', except when 
fjb=^ fi and tt) = tt)', in which case the sum of its terms suddenly 
changes from zero to infinity. 

28. Upon this series depends the important property of 
Laplace's Functions which we are now aemonstrating, and 
which gives them so great a value in the higher brandies of 
analysis. In consequence of the discontinuity above pointed 
out, and also because the series becomes infinite in one stage 
of the variations of its variables, it has been considered by 
some to be unsatisfactory to deduce any properties from it. 
But the latter objection is entirely removed by the fact, that 
we do not use the series in its present form, but after being 
multiplied by small infinitesimal quantities which render the 
aggregate of its terms finite, preventing their accumulating 
to an infinite amount. With regard to the objection of dis- 
continuity, there appears to be no sufficient ground for it. 
There is no question, that the property deduced (aa esL^u>L^>s&^s^ 
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in our Proposition) is tru e, at any rate for rational ftincticns 
of /A, Vl— /a' cos 0), and Vl —/a* sin a>, and is also most impor- 
tant. This objection, however, deserves to be examined with 
care, which we now propose to do in the course of our de- 
monstration. 

29. Multiply both sides of the last equation by the doaUe 
element d^doaty and integrate. 

The property of Laplace's Functions proved in Art. 26, 
shows that every term of the series on the right, except the 
first, vanishes of itself, independently of the other terms; 
and therefore (as was before intimated) the terms cannot ac- 
cumulate. The first term is 27r : and therefore the integral 
of the fraction on the left, that is, 

ri p(l-c*)^At'rfa>' ^ 
]J, {l+c«-2cp)*' ^^'^' 

It is remarkable that this result is altogether independent 
of c. 

30. The truth of this majr be shown also by integrating 
the fraction on the left. This cannot readily lie done with 
the co-ordinates as at present chosen. But it may be done by 
a simple transformation, and a change in the way of taking 
the elements. 

Suppose a sphere of radius imity described about G the 
origin of co-ordinates. Let 6' and 
tt)' be the angular co-ordinates to 
a point P, ff (or cos"^ fi) measured 
from a fixed point A along a great 
circle of the sphere, and a> the 
anele which this great circle makes 
witn another and fixed great circle 
through A. Then dff. d(o sin ff, 
or —dfida), is an infinitesimal 
element of the surface of the sphere 
at P. Take D a point within the 
sphere, and let Gl) = c, and sup- 
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pose CD meets the sphere in Q when produced forwards, and 
in q when produced backwards. Let fi and w be the co-or- 
dinates of Q. Then p (see its value, Art. 27) is the cosine of 
the angle which GP and GQ make wi th each other : and the 

distance of P from D = Vl + c* — 2cp. Let 'y^ be the angle 
which the plane GPQ makes with GAQ^ that is, the angle 
A QP, By changing the origin of the angles from A to Q^ 
and dividing the surface of the sphere into new elements, 
beginning from Q as ^the origin, the element at P, with these 
new co-ordinates cos"^ j? and ^, will be — dpd/y^. 

By reverting to the meaning of integration we see that 
the integral under consideration = (1 — (r) x limit of sum of 
all the elements of the surface of the sphere divided respec- 
tively by the cubes of their distances from D. 

But this, by the change of co-ordinates, also 

Lih (l + c'-2cp)«' ^ ^j_,(l + c*-2cp)* 

= 27r -==== + const. = 27r [- -7-— 

= 47r, whatever value c has. This coincides with the former 
result. 

31. This integration helps us to see by what process c 
disappears from the result ; and it will assist us in llie latter 
part of the present demonstration. 

The quantity 1 —p is the versed-sine of the arc QP, and is 
measured along the line QGq. Let this line be divided into 
n parts each equal to A, so that w . A = the diameter =? 2, w being 
very large and A very small. Draw perpendiculars to the 
diameter through these divisions cutting the circle QPq in a 
series of points; and call the distances of these points from 2?, 
beginning from Q, 

l«c, »', «", 8'" 8^^\ 1 + c. 

Suppose P is at the x^ division ; then 

1 — ^ = ic . A, 
and ^(l—i>) or — ^*=(a5 + l^fc — oh— li* 
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Then by mere expansion, omitting the squares and higher 
powers of A as they vanish in the limit with reference to the 
first power, we see the truth of the following ; 

— dp rf(l-j)) 

(1 + c» - 2cp)« " {(1 - c)» + 2c (1 ^^)}« 



c lV(l-c)* + 2ca;A V(l-c/+2c(a? + l)AJ 






By giving x its successive values from to n — 1, and adding 
together all the resulting values of this expression and taking 
the limit, we have the integral with respect to p. It matters 
not in which order we effect the integration. Hence the whole 
integral 

^ rV' {l-c')dylrdp 
n being made infinitely great, 

Here it will be seen that the terms within the last brackets 
mutually destroy each other whatever be the value of c. It 
may also be observed that were this not the case, that whole 
part of the expression would vanish for the particular value 
c = 1 (which is the only case we shall have to use), whatever 
the value of the sum of the terms following the multiplier 
1 — c*, so long as that sum is not infinite. 
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32. Suppose now F{ji\ ©') is any function of fil and ©', 
then 

Fill!, a>') dfiJdto' 



p p . F{fi\ a>0 rf/.-e^6 



= [ [ {n-3Pj+... + (2;+i)p,+ ...}i^(/A', ©V/^'^®'- 

•'-1^0 

The reasoning above enables us now to prove that the in- 
tegral on the left-hand side = 4:7rF(ji, ©), which directly leads 
to the theorem we are wishing to demonstrate. 

The function F(ji, ©') at the point Q is F{fi, ©), call it F: 
let F\ F'\.. i^^"* be its values at the points of junction of the 
successive elements along the great circle QPq. Then by 

multiplying the successive values of -(-js) — (i+rj by F, F', 

F"... and adding them together, we have 



or 



f» p Fiji!, 0)') d^Jd<o' 



n being made infinitely great. 

The fractions — r-> — 7r->-»- diminish successively in 

value, being the ratios of QD to the successive values of DP. 
When c = 1 each of them vanishes ; and in the limit none of 
the factors F' — F, F" — F\ ... become infinite. Hence the 

integral = 1 d'^.^F^ when c = 1, = iirFiji, ©) because F(ji^ <a\ 

J o 
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is a function of fi and o) only, and is altogether indepcRdent 

of '^. 

The general term of this, viz. 

which we will call -F,, is a function of //. and & ; and eyidently 
satisfies Laplace's Equation in fi and co, because P, does so. 
Hence, this is a Laplace's Function, of the «** order : and the 
result is, what we were to demonstrate, that any fiinction of 
fi and CO may he expanded in a series of Laplace's Functions ; 
or, 

P(/.,0))=P, + P, + P,+ + i^+ 

33. Those who are at all acquainted with the controverqr 
which followed the first discovery of these remarkable functions 
by Laplace, will understand why we have entered so fully 
upon the subject. Laplace's demonstration in the Mecaniqm 
VSleste was by no means conclusive. This Mr Ivory pointed 
out in the Fhilosophicai Transactions for 1812; and in the 
Volume for 1822 he threw considerable doubt upon the 
applicability of the theorem to functions that are not rational 

and entire functions of fi, Vl— /a* cos «d, Vl —ft* sin eo. Poisson 
has written much upon the subject. In the first edition of the 
author's Mechanical Philosophy the last method of Poisson 
was followed, as given in his Thiorie MathSmatique de la 
Chaleur; in which he effects the integration of the fi:acti<m 
on the left-hand side by the artifice of substituting for it an 
integrable, but entirely different firaction in its general form, 
but which coincides with it in the particular case for which he 
requires it in the result, viz. when c = 1. In the Second 
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Edition of the Mechanical Philosophy we ^ve a much shorter 
proof, based upon an idea taken from Jrrofessor O'Brien's 
Mathematical Tracts. But this also rather concealed the real 
difficulty of the case, and passed it over by an artifice. In 
the demonstration now given, we have gone to the foundation 
of the calculus, the doctrine of limits, and attempted to clear 
up all difficulty and ambiguity in the matter. 

With regard to the doubt thrown out bv Ivory, alluded 
to above, it seems to be clear that theoretically every function 
can be expanded in a series of Laplace's Functions : but if it 
be not a rational function of the co-ordinates, the number of 
terms in the series will be infinite, and if the terms be not con- 
vergent, the expansion, or rather arrangement, will be use- 
less. But this must be determined in each case. , A similar 
uncertainty, requiring examination, always attends the use of 
infinite series. 

Peop. To prove that a function offi and co can he arranged 
in only one series of Laplace's Functions. 

34. For if possible let both these be true, 

F(ji,to)^F, + F, + F,+ +F,+ 

F(ji, (o) = 0,+ 0,+ G,+ + (?,+ 

.-. = (i?;- G^j + {F,- G,) + + (i?;- (?,) + 

and if these letters be accented when fil and to are the variables 
instead of fi and co, then 



= {f;- a:) + (f;- g,') + + {f; - a;) + 

.-. = f [ P, {F,' - G,') dfi'da, by Art. 26. 

But the principle demonstrated in the last Proposition 
shows that 

F,-G,= ^/' r(l + 3i*. + ... ) {F: - G;) dyid^, 
s 0, by the condition deduced above ; 
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therefore jFJ *= <?,, and the two series are term hy term iden- 
ticaly and the Proposition is tme. 

35. It follows from this, that if by anjr process we can 
expand a frmction in a series of quantities which satisfy 
Laplace's 'Equation, that is the onlj series of the kind into 
which it can be expanded : and if by any other process we 
obtain what is apparently another, the terms of the two series 
must be the same, term by term, and we may put them equal 
to each other. 

36. Before concluding this Chapter, we shall explain how 
the numerical coefficients inPo-R ... P< ... are found: and shall 
give a few examples of the truth of the last Propositiou but 
one (that in Art. 32) by actual integration. 

Prop. To explain how to expand i^. 

37. By Art. 24 P, is the coefficient of c* in the expansion 
of the function 

[1 + c' - 2c {iLy! + VnV Vl-/^" cos (o) - a)')}]"», 
and is therefore a rational and entire function of /i*, 

Vl— /?cosfi), and Vl— //r'sin©; 
and is precisely the same function of //»', 



Vl - //.'* cos ©', and Vl -//,'* sin ©'. 

The general term of P„ viz. that involving cos n (©— »'), can 
arise solely from the powers n, w + 2, n + 4, ... of cos (a> — ©'). 

Hence (1—//.^ will occur as a factor of that term: and the 
other part of its coefficient will be a factor of the form 

^^*-" + ^y^+ ... + ^y-«-^+ ... = H^ suppose. 

Hence 

P,=fi,+ (l-/^^)*5;cos (fi)-a>') +...+(lV)^-S;iC08n(a?-G)')+... 

K this be substituted for P, in Laplace's Equation and the 
coefficient of cos n (© — ©') be equated to zero, we obtain a con- 
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dition from which to calcnlate tbe arbitrary constants we have 
introduced. This condition, after reduction and arrangement, 
is as follows : 

= (t-n)(t + n+l)5.(l-Mr + |^{(l-/*r'^j. 

Substituting in this the series which H^ represents, and 
equating the coefficient of the general term (1 — fj^Yfi*'"'^ to 
zero, and reducing, we arrive at the formula 

By making 8 successively equal 1, 2, 3 ... we have A^A^,,. 
in terms of udo. Let these be substituted, and we have the 
coefficient of cos w (© — ©' = 

A(i-Mvf"- <'-:y;:°-'V -t.....}, 

call this AJ^(ji). The coefficient A^ is a function of /a', but is 
independent of fi: and because P< is the same function of fi 
that it is of //., it follows that A^ = a^(ji), where a» is a nume- 
rical quantity : and the coefficient of 

cos W (O) - 0)') = anfWfin)' 

To find a» we must compare the first term of the ascending 
expansion of a^f{M'')f{H) m powers of /a with the correspond- 
ing term in the coefficient of c* in the actual expansion of 

[1 + c» - 2c {fifi' + Vl-//,* vT^ cos (© - ©')}]-». 

This leads to the following result : 

( 1.3.5... (2t-l) ]» i{i-'l)...{{-n + l) 
^" I 1.2.3...t } {i+l){i+2)...{i+n)' 

this applies when n = l, 2, 3..., but evidently not when 
n = : a^ia found by equating coefficients to be 



( 1.2.3... (2t-- 1) 1' 
t 1.2.3...*" J* 
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We have now the complete value of i< in a series ; it is as 
follows : 

^ ^ ri.3,5...(2t-l) ]' 
' I 1.2.3...t I 

''Lr 2(2»-l)'* +2(21-1) 4(2t-3) '* '^•"1 

■J. t(t-l) ,^ »(t-l) («-2)(»-8) ■ ) 

'^f 2(2t-l)'*,+2(2t-l) 4(2* -3) '* "^"j 

+ 2 cos (o) — ©') -7— r 



2(2«-l) '^ "^ 2(2i-l) 4(2i-3) 



v/1 u'^»L'»- (»-l)(^-2) «-. , (»-l)(»-2) (»-3)(^) ^^ 
X(1-A*)|A* - 2(2t-l) '* + 2(2t-l) 4(2t-3) '* " 

+2co82(a.-«)^j^:jy^^ 

Wl .»^L« (^-2)(»-3) ^^ , (»-2)(t-3) (e-4)(t-5) ) 

x(l-A*}|/* - 2(2t-l) '^ "•" 2(2«-l) 4(2f-3) '^ "j 

yM ^"^ L-^ (^-2)(^-3) ,^ , (t-2) (i-3) (e-4)(t-3) .^ 1 
""^^-l^'Y 2(2i-l) '* + 2(2t-l) 4(2»-3) '^ "j 



+ &C.... . 

38. The following numerical examples are writt^i down 
for convenience of reference : 

(1) Pj = /*/*' + Vl-/*» Vl - li* cos (fi) - «'). 

(2) P,=| !(/*«- i) (/*"- i) + 1 (1-/*«)V(1-m'^ V'COB (o,-a>') 

+ |(l-/*')(l-^'«)co82(o>-»')|. 
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+ 1 {l-f^y(/-'l) (1 V")* {m'"' I) cos (co-a,') 

&c. = &c. 

39. The following axe some examples of expanding a 
function in a series of Laplace's Functions, bj an application 
of the formula 

proved in Art. 32. 

Ex. 1. Arrange a + J/a* in terms of Laplace's Functions. 
Here Fiji!, «') = a + bfA\ First put t = 0, Po=l; 



= - (a/t' + - V' + const.) = a + - J. 
Again, put *'= 1, P^ is found in the last Article. 

= ^ J ' (a+J/t'^) {//./t' . 0) - VTV ^^^V• sin ((»-a>')} rf/t', 
between the proper limits, ©' = and w' = 27r, 

between the limits ft' = — 1 and /i*'= 1, =0. 

p. A. '^ 
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Next, put t = 2, and substitute for P, from the last Article. 

+ JVcos 2 (a)-a)')l dfida' 

Hence the fttnction a-^-hiJ? stands as follows, when arranged 
in terms of Laplace's Functions, 

and consists of two Functions, of the order and 2 respectively. 
The above is a long process to arrive at this result. It might 
have been so arranged at a glance. But the calculation has 
been given as an example of the use of the formula, which in 
most cases is the only means of obtaining the desired result. 

Ex. 2. Arrange 49 + 30/^+ 3/a'+ VT^ (40+ 72/a) cos (©-a) 

+ 24 (1 - fj?) cos 2 (co - a) in terms of Laplace's Functions. 

The result is 50 + {30/Lt + 40 Vi-/a' cos (© - a)} 

+ {3/Lt' -1 + 72/^ Videos ((» - a) + 24 (1 - fi^) cos 2 («-a)}, 
consisting of three ftmctions of the orders 0, 1, 2. 
Ex. 3. Let the function be 

l + V2-2/i*"cos (© + a) + ^ (1 -//.") cos 2(a) + a). 
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The first term is a Laplace's Function of the order 0, and the 
second and third terms taken together are one of the second 
order. 

Ex. 4. Let 1— (1— /I**) cos*o) be the function. The arrange- 
ment is 

or, which is the same. 



| + {|-(l-/*')co8«a,}. 



^r— "=1. 



CHAPTER III. 

ATTRACTION OF BODIES NEARLY SPHERICAL. 



40. As the Earth and other "bodies of the Solar System 
are nearly spherical, and yet may not be precisely of the 
spheroidal form, it is found necessary in questions of Physical 
Astronomy to calculate the attraction of bodies nearly sphe- 
rical. It is in these calculations that the value of the Functions 
we have been considering in the last Chapter is seen. 

If T^&oa! be the co-ordinates to any element of the attracting 
mass, p be its density, and cos G = /a', then the mass of this 
element 

= p'dr'r'dffr' sin ffcUo' = - p'r'Wdfi'do)', 

and the reciprocal of the distance being R^ by Art. 18 and 24, 
the potential V 

ni fair / «'2 /3 'm V 



according as r, the distance of the attracted point from the 
origin, is greater or less than r. We shall proceed soon to 
use these formulae ; but we must first find the value of Ffor 
a perfect sphere. 

Prop. To calculate the value of Vfor a homogeneous sphere, 

41. Let the centre of the sphere be the origin of the polar 
co-ordinates {r'fi'o)') to any element of its mass, and the line 
through the attracted point be that from which the angles are 
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measured, and p the density. Then ^pr'^drdfudcd' is the 
mass of the element : its distance from the attracted point 



= Vr^ + r * — 2rr* cos ©. 
Hence, a being the radius of the sphere, 

from //,' = -! to /a' = 1, = 27r/3 | - j(/-+r ) + (r-r) [ dr\ 

— when the attracted point is without, and + when it is 
within the shell, 

r Jo 3r ' 

when the point is without the sphere. 

When the point is within the sphere, the part of V for the 
shells which enclose the point 

= 27rp I 2r'dr = 2irp (a* - 7^ : 

and the part of Ffor the other shells of the sphere 

= — - I r*dr = - TT/or^. 
r J^ 3 '^ 



.8 



Hence F= — —-- for an external particle, 

2 

F= 27rf)a* — - nrpT^ for an internal particle. 
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Prop, ib Jlnd the attraction of a homoffenectis hody^ differ- 
ing Utile from a sphere inform, on a particle vnthout it. 

42. Since the attracted particle is without the attracting 
mass, we must expand Fin a descending series of powers of r, 
and shall therefore use the first of the expressions for Fin 
Art. 40. Let the mean radius of the body = a ; and let 
a (1 + y') be the variable radius, y' being a function of /m 
and ©', and its square being neglected. 

Then, for the excess of the attracting mass over the sphere 
of which the radius = a, effecting the integration with respect 
to / from r = a to r = a (1 + y'), the value of V 

But if y, the same function of fi and co that y' is of fi and 
(o', be expauded in a series of Laplace's Functions, viz. 

J' q'T ^ I'T •••"7" -*^i "!*•••> 

then the theorems of Art. 26 and 32 show that 

Hence the value of Ffor the excess over the sphere becomes 

r or ^ {2t + l)r ^ 

and the part of Ffor the sphere, rad. = a, is 



l7-_ 47r/3a'* 
^^~Br~' 



Hence for the whole mass 



3r r ^ ° 3r ^ (2t+l)r ' 

This is the first example in which we see the great value of 
the properties of Laplace's Functions ; they here give us at 
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once the integrals involved in our expression for F, in terms 
of the equation to the surface of the attracting mass, without 
integration. 

From the expression for Fthe attraction can be immediately 
found by the formula of Art. 20. Thus 

dV 
attraction = — 7— 

ar 

_ 4w;ga^ 47rpa^ , ^ 2a ^ (i + l)a* ^ . > 

Peop. To find ike attraction of a homogeneoiLS hody^ differ^ 
ing hut little from a sphere^ on a particle within its ma^a. 

43. We must in this case expand Fin an ascending series 
of powers of r ; and shall therefore take the second of the 
series of Art.. 40. By proceeding as in the last Proposition, 
we find that the part of F which appertains to the excess over 
the sphere 

= p\ \ V^o+ arPj + ... + -^P,+ ...}ydfi;d(o, 

J-iJo * 



r 



Adding to this the part of F which appertains to the sphere of 

2 
radius a, viz. 27r/3a' — -^pr^, for the whole mass, 



F=27rpa»-|7rpr^+47rpa«{F, + ^ F,+ ... + ^^.-j-^, r,+ ...}. 

dV 
And the attraction = — =— 

ar 

47r fl 2r ir*^ ] 

We can show that by properly choosing the value of (a) and 
the origin of the radius of the surface we can make Y^ and Y^ 
disappear from the above formul». 
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PboP. To sJiow that by choosing a equal to the, radms of the 
sphere of which the mass equals that of the aJtbracting body we 
cause Yq to vanish, and by talcing the centre of gravity of the 
body as the origin of the radius vector^ we cause Y^ to vanish. 

44. The mass of the body 

= p/ / I f^drdfJLdoD = -pj I -jfdfidfOy 

where r is the radius vector of the surface of the body, and 
= a (1 +y) suppose. Putting this for r mass of body 

• f * ^^ 
=:mass 



= mass 



ri r2ir 
of sphere (rad. = a) +/3a' i I ydfidm 

of sphere + f)a' I / F^, by Art. 26, 



= mass of sphere + 47r/3a' I^. 

K then a be taken equal to the radius of the sphere of which 
the mass equals the mass of the body, I^ = 0, as was stated. 

Again, let xy i be the co-ordinates to the centre of gravity 
of the body, M its mass : the co-ordinates to the element of 
which the mass is — p^drdfido) are 

rVl —/a' cos©, rVl— /t'sinco, andr/i^; 
.•.if. 5=1 / / pr^ ^ 1— fi^ cos (odrdfidco 





1 f 2ir 



= J I I /^r* Vl — A*'* COS (odfidoDf 



M.y=\ I j fyi^^Jl —fi^BUKadrdfidco 
= J / I /^r* Vl — /I*' sin mdfidfo^ 
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putting r = a (1 +y)= a (1 + Y^ + Y^ + ... + F, +...), and ob- 
serving that Vl — fjp cos ft), Vl — /Lt* sin ©, and ii satisfy 
Laplace's Equation, and are of the first order, we have by 
Art. 26, 

M.x^pa.*! I Y^ Vl — fi^ cos todfidfOy 

ilf.y = pa*l I Y^^Jl—fi^smaydfido), 

M. z=ip2^\ I Y^fidfido). 

But Fj, being a ftinction of /it, Vl— /it' cos ©, and Vl— /tt'sin © 
of the first order, is of the form 

-4 Vl — /Lt' cos (» + 5 V 1 — /Lt* sin © + Cfi; 

- 4 — 4 - 4 

.*. M.x=^-irpa.*A, M.y=:-Tirp2fBy M.z^-irpsfiC. 

O o o 

Hence if we take the origin of co-ordinates at the centre of 
gravity and therefore x = 0, y = 0, z = 0, we have -4 = 0, 5= 0, 
(7=0, and therefore Y^ = 0, as stated in the enunciation. 

Prop. To find the aUractixm of a "heterogeneous hody upon 
a particle without it; the hody consisting of thin strata nearly 
spherical, homogeneous in themselves, hut differing one from 
another in density, 

45. Let a' (1 +y') be the radius of the external surface of 
any stratum, a being chosen so that 

y = r;+ r; + ... + r; + ... (Art. 44). 

Since the strata are supposed not to be similar to one 
another, ^' is a function of a' as well as of p! and o)'. Let 
o be the density of the stratum of which the mean radius 
IS a'. Now the value of Ffor this stratum equals the differ- 
ence between the values of V for two homogeneous bodka c^l 
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the density p' and mean radii a and d — da. But for the 
body of which the mean radius is a (Art. 42) 

Hence for the stratum of which the external mean radios 
is a', 

and therefore for the whole body, 

From which the attraction is easily deduced. 

Prop. To find the attraction of the saitve hody on an tn- 
temal particle. 

46. Let r = a (1 +y) be the radius of the stratum in which 
the attracted particle lies. Then for the strata within the 
surface of which the radius is a (1 +y), we have 

But for a stratum external to the particle we have by 
Art. 43, 

F=4Va'e^a'+4V ^{^ i^/+ - + (2?+^ ^''+-}'^' 
Consequently for the whole body, 

+<.|y{aW+^(!|:r.'+... + ;jj^r/+...)}d.'. 

From this the attraction is readily obtained by differ- 
entiating mth respect to r. 



CHAPTER IV. 

ATTRACTION OF BODIES NEITHER SPHERICAL NOR SPHEROIDAL, 

NOR NEARLY SO. 



47. The methods which have hitherto been given enable 
ns to find the attraction of the Earth and other bodies of our 
system considered as a whole. But, taking the Earth as our 
example, the surface is irregular, and neither exactly spherical 
nor spheroidal. We ought, therefore, to be able to calculate the 
effect of these irregularities, and with this view the present 
Chapter is added to what has gone before. High Table-lands 
may very materially affect the position of the plumb-line in 
some places. Enormous irregular mountain masses, Kke the 
Himmalayas, may do the same. Their effect ought, therefore, 
to be carefully estimated, as all instruments which are fixed 
by the plumb-line or spirit-level must be affected by such 
iiiegulai5ties. 

Prop. To find the attraction of a slender 'prism of matter 
on a point in the line dravm to one of its extremities. 

48. Let AB be the prism, G the attracted point, P any 
element of the prism, aP= r, 
M the mass and I the length 
of the prism, AG^a^ £G=bf 
PG = t/,BJig\QPAG=0. 

Then the mass of the ele- 
ment at P= M -J- . 

C 

Attraction of element at P 
on G^M-f -5. 

Ditto in direction 

C4 = Jf~ \co^PGA 




i 
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Mdr a — rcosO . , ,^ ^ 

~"7 7 ' y^ = a +r^ — 2arcos&, 

_ Mdr a sin* ff — cos ff (r — a cos 0) ^ 
"■"T"' {a» + r^-2arcos5}« ' 

/. attraxjtion of whole prism 

Jf r — acosd + acosd ^ ^^ ^ 

= "7 . . . ^ , from r = to r = ?, 

^ ava' + ^ — 2arcos^. 

^^ I _M 

«Z Va" + P-2aZcosd"«& ' 

As this is sjnnmetrical with respect to .a and i, it shows 
that the particle is attracted equally towards the two extre- 
mities of the prism ; and that therefore the resultant attraction 
acts in a line bisecting the angle which the prism subtends at 
the attracted point. 

Prop. To find the attraction of a slender pyramid of any 
form upon a particle at its vertex; and also ofafrtistum of the 
pyramid. 

49. Let I be the length of the pyramid, a the area of a 
transverse section at distance unity fropa the vertex; r the 
distance of any section ; ar* is its area ; p the density of the 
matter : then ar^pdr is the mass of an element of the pyra- 
mid, and this divided by r^ is its attraction ; 

.% attraction of pyramid on vertex = / apcZr = apl. 

•'0 

If rf is the length of any frustum of the pyramid, and l=^T-\-d^ 
then 

attraction of pyramid, length l\ = apl ; 
.*. attraction of frustum = apd. 

It is observable that this is quite independent of the distance 
of the frustum from the vertex ; and tnerefore all portions of 
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the pyramid of equal length, any where selected, attract the 
vertex equally. 

50. CoK. Suppose the angular width of the pyramid to 
be )8 and to remam constant, while the angular depth varies ; 
and let h be the linear depth of the transverse section of the 
base ; then a^lh is the area of the base ; and the attraction of 
the whole pyramid on the vertex = p)8A;. Hence, all pyramids 
having the same angular width and the same linear depth at 
the base attract their vertex alike, whatever their lengths be. 

Prop. To find the attraction of an extensive circular plain 
of given dqpth or thickness upon a station above its middle 
point. 

51. Let t be the thickness or depth ; h the height of the 
particle from the nearer surface, c the radius, r the radius of 
any intermediate elementanr annulus of the attracting mass, 
z its depth. The several elements of this annulus of matter 
will attract the particle towards the plain equally. Hence 
attraction of the particle 

J^ re r ^ ^ 

dr 



r r2irpr(h-\-z)drdz {\ { ^ r 



:V7+A* Vr* + (^ + 1)*) 
= 2irp {V?+F- A -Vc'+ (A + «)* + * + «} 

= ^,[,-.?TF{(.H.fi^7-x}] 

52. If the plain be of infinite extent, the attraction equals 
2irpt ; and this remarkable result is true, that it is independent 
of the distance from the plain. The same will be the case if 
the height of the station above the middle of the att!!afi.ti3A% 
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mass below, that is, A + Jf, be so small that it may be neg- 
lected in comparison with the distance of the station from the 
furthest limit of the plain. 

63. Ex. Suppose the height of the station above the 
middle of the mass below, that is, A 4- J f, is J a mile andc 
10 miles. Then the second term within the brackets is less 
than 0*05, and the attraction is very much the same as if the 
plain were unlimited in extent. 

54. Cor. The result of this Proposition when the plain 
is unlimited in extent might have been foreseen from the 
result in the previous Proposition regai;ding the attraction of 
the frustum of a pyramid. Conceive an infinite number of 
slender pyramids to be drawn from the station intersecting 
the attracting plain ; they will cut out of it an equal number 
of frustra, and the cosines of the angles they make with the 
perpendicular to the plain will be the thickness divided by 
the lengths of the frustra. But the attractions of the frustra 
are proportional to their lengths, and independent of the 
distance from the attracted point: (see Art. 49). Hence the 
resultant attraction of the whole will depend solely upon the 
thickness or depth of matter constituting the plain. 

Prop. To find the attraction of a rectangular masSy of 
small elevation compared with its length and breadth^ upon a 
point lying in the plane of one of its larger sides. 

65. Let the attracted point be the origin of co-ordinates; 
the axes of x and y parallel to the long edges of the tabular 
ma^s, the axis of z bein^ measured upwards. Let x'y'z' be 
the co-ordinates to any pomt of the mass : xy co-ordinates to 
the nearest angle, XY to the farthest angle, H the height of 
the mass ; p the density, supposed the same throughout. 

Then pdx'dy'dz' is the mass of the element; and the 
height being small, we may suppose the element projected on 
the plane of xy. Hence the whole attraction parallei to x 

{^(^{'' x'dx'dy'dz' _ Tj{^ r* x'daidy' 



-^I'i 



BECTAKGULAS MASS. 



y l^' 
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»/x"+ Y' V^'N^J «' 



= pS\og,' 



^'^ X*"^ X 



To simplify the formula put 

— = tandj, ^=tan5„ ^ = tand3, | = tand,; 



A . Y\ Y l+sin5, , ,,,. -^, 

and so of the rest. Hence, since 0*434 is the modulus of 
common logarithms, 

attrax5tion = ^^ Ilog tan (45^ + i^J + log tan (45' + \0^ 

-logtan(45' + i<?3)-logtan(45' + i^j}, 

which gives a remarkably simple rule for finding the attraction 
parallel to xi that parauel to y can be found in like manner. 

It is easy to show, that if the density be half the mean 
density of the earth, that is, about the same as granite, g be 
gravity, the radius of the earth = 20923713 feet, and M be 

expressed in feet, the coefficient above = ^^J^^^^^ . 
^ 76127500 

This equals gHtsu ( jt^] . Heiice, since the tangent of 

deflexion of the plumb-line caused by the attraction equals, 
by the parallelogram of forces, the ratio of the attraction to 
gravity, and the angle is very small, 

Deflexion of plumb-line caused by the Tabular Mass 
parallel to the axis of a; | 
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1" 



669^^ 



log tan (45' + i^J + log tan (45' + i^J 

- log tan (45' + W " H ^^^ i^^' + i^j} • 

It is evident that the Tabular Mass may be partly below 
and partly above the plane of xt/, so long as the height or 
depth is not so great that its square may not be neglected in 
comparison with the square of the distance from the attracted 
point. In this case H is the sum of the height and depth, 
above and below the plane of icy. 

56. Ex. 1. The co-ordinates to the nearest and furthest 
angles of a tabular block of rock measured from the attracted 
point are 3 and — 16, 40 and 30 miles, and the height of the 
mass from bottom to top is 628 feet. Show that the deflexion 
of the plumb-line parallel to the shorter side of the parallelo- 
gram = 3"-172. 

Ex. 2. A table-land 1610 feet high, commencing at a 
distance of 20 miles from Takal K'hera, near the Great Arc 
of Meridian in India, runs 80 miles north, and 60 miles to the 
east and 60 to the west. Find the deviation of the plumb- 
line at that station. It is about 5"; so considerable as ma- 
terially to affect the Survey operations, and to have rendered 
it necisarr to abaadon th Jt f lace as a principal station. 

In cases where the attracting mass is near, it is necessary to 
cut it up into prisms and calculate the effect of each separately 
and add the results. Examples of this are seen in the cele- 
l»rated case of Schehallien, and more recently in the calculation 
of the deflexion at Arthur's Seat, Edinburgh, by Lieut. 
Colonel James, Superintendent of the Ordnance Survey. See 
Philosophical Transactions for 1856, p. 591. 

57. The irregular character of the surface of the Earth 
over large tracts of country, consisting of mountain and valley 
and ocean, may in some instances have a sensible effect, by 
presenting an excess or deficiency of attracting matter, upon 
the position of the plumb-line, m such a way as to derange 
delicate Survey operations. Hindostan affords a remarkable 
example of this, as the most extensive and the highest 
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mountain-ground in the world lies to the north of that con- 
tinent, and an unbroken expanse of ocean stretches south down 
to the south pole. Both these causes, by opposite effects, 
make the plumb-line hang somewhat northerly of the true 
vertical. 

In the following Propositions a method is laid down for 
calculating the attraction of an irregular superficial stratum ' 
of the Earth's surface, and making it depend altogether upon 
the contour of the surface. The method pursued is this : A 
law of geometric dissection of the surface is discovered which 
divides it into a number of four-sided spaces, such that if the 
height of the attracting mass were the same in them all, they 
would all attract the given station exactly to the same amount, 
whether far or near. In this case it would be necessary only 
to calculate for one space, then count the number of spaces in 
the country under consideration, and the final result is easily 
attained. The country being supposed irregular, the heights 
in the spaces will not be all alike. The principle, thereiore, 
should be stated thus, that the attractions of the masses on 
the several compartments are in proportion to their mean 
heights. These mean heights are known by knowing the 
contour of the country. 

Prop. To discover a Law of Dissection of the surface of the 
earth into compartments , so that the attractions of the masses of 
matter standing on them, ujpon a given station, shall he exactly 
proportional to the mean heights of the masses, be they far 
or near. 

58. Suppose a number of great circles to be drawn from the 
station in question to the antipodes, making any angle )8, each 
with the next, thus dividing the earth's surface (which we 
may in this calculation suppose to be a sphere, without incur- 
ring any sensible error) into a number of Lunes. Then, with 
the station as centre, describe on the surface a number of cir- 
cles, at distances the law of which it is our object now to 
determine, dividing the whole into a number of four-sided 
coiopartments. 

We will begin by calculating the attraction of a mass of 
matter, standing on one of these compartments, at a uniform 
height throughout, upon the station in a horizontal direction. 

P. A. ^ 
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Let a and a + ^ be the angular distances from the station of 
the two circles bounding this compartment ; h the height of 
the mass; the angcdar distance along the surface of an 
elementary vertical prism of the mass; a the radius of the 
earth ; yfr the angle which the plane of makes with the plane 
of the mid-line of the lune, and in which latter plane the re- 
sultant attraction evidently acts. The area of the base of the 
prism = a* sin 0d'^d0. 

Since the height of prism (A) is supposed very small, the 
distances of its two extremities from the station may be taken 
to be the same, and = 2a sin ^0. Its attraction along the chord 
of 0, by Art. 48, 

_ pa^h sin 0d0dyfr 
" 4a" sin* ^0 ' 

Attraction along the tangent to tf = a » «i^ ^^ \0 ; 

.'. attraction along the tangent to the mid-line of the lune 

_ ph cos' i0d0dir 

.*. attraction of the whole mass 

2 J. ]-\ft&va.\6 ^ ^ 

= 2ph sin i^ {log. ^""^V^ ^^ + C08 i (a + ^) - cos ia} 
^Vsin^^{Iog 4!;j|;^|^;!:!;|^ -2sina«H-i^)sini^} 
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neglecting only the cube and higher powers of sin i<f>j 

^^^'^^^•IsfiT^' neglecting ^'Ac. 

The law of dissection we shall choose will simplii^ this ; 

for we are to assume such a relation between A and a uat the 

«q>re88ion in ^ may be constant, in order to make the attrac- 

tion the same for all compartments in which h is the same 

or varying as h where the neights of the masses standing on 

the compartments are different. As the value of the constant 

to which we equal the function of a and (f> is quite arbitrary, 

we will assume it such that when a and ^ are small, ^ shall 

— a 4 

= ~a In this case it = 7— ^f-^— = r7. 

ia + ;^a 21 

Hence ^co^Jo+M^l m 

^^"""^ sin(ia+i^) 21 ^^^> 

defines the Law of Dissection. 

The attraction of the mass standing on the compartment, 
in consequence, 

= — pAsin J^; 

an exceedingly simple expression. We may obtain it in 
terms of gravity as follows. Let f) the density be the same 
as that of the mountain Schehallien, viz. 2.75; the mean 
density, according to Mr Baily's repetition of the Cavendish 
experiment, being 5.66 ; g gravity ; a = 4000 miles. 

T^T 47r J .^ 47r 566 

Now flr = ---a X mean density = —- a-^rrzp; 

.*. attraction of mass on any compartment 

^^-T^T^^g^ 0.000005523A sin i/8.flr, 
12 47r 566 a^ ^^^' 

being expressed in parts of a mile. i 
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Since 0.000005523 = tan (1". 1392) ; 
/. deflection of the plumb-line caused by this attraction 

= l'Mg92A sin J/3 (2). 

The method of using this theorem is as follows. When the 
numerical values of the successive pairs of a and ^ are deter- 
mined by the solution of equation (1) giving the law of 
dissection, lay them and the lunes down on a map of the 
country the attraction of which is to be found. It will thus 
be covered with compartments. After examining the map, 
write down the average heights of the masses standing on all 
the several compartments of any one lune ; add them together, 
multiply the sum by 1".1392 sin i)8, and equation (2) shows 
that we have the deflection caused by the mass on the whole 
lune in the vertical plane of its middle line. Multiply by the 
cosine and then the sine of the azimuth of that middle line, 
and we have the deflections in the meridian and the prime- 
vertical. The same being done for all the lunes, and the 
results added, we have the efiects in meridian and prime- 
vertical produced by the whole country under consideration. 

59. Cor. That the mass on each compartment will attract 
as if collected at the middle of the mid-line appears from what 
follows. Let Q be the distance at which the matter may 
be concentrated so as to produce the same effect as the actual 
mass. Now the area of tne compartment 

= J J a'sin^rf^rff = a')3l am0d0 

= a^^ {cos a — cos (a + ^)} = 2a')8 sin ^<f> sin (a + ^<f>). 
Then by the last Proposition, 

ph sm iP g-^/i . i^x = attraction, by hypothesi 



2a'/3sini<^8in(a + i<^) ^ 

^^ 4a*.sinH0 cos iiH, , 



esis 
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.., sinH® ^ jjS sin# sin'(ia + i<^) 
cos ^Q sin i)8 ^^ cos (Ja + J^) ' 

Hence, if )8 be not taken larger than 30®, and since <f> is 
always small, this gives = a + i^, which coincides with the 
middle of the mid-line of the compartment. 

Prop. To calculate the dimensions of the siiccessive compart- 
ments from the law of dissection. 

60. For this purpose we should solve the equation of last 
Proposition, viz. 

<^ cos' (jg + i<^) _ 4 . 

sin(ia + i<^) "21 ^'^• 

But this cannot be done. We must therefore approximate, 
which will equally well suit our purpose. In order to afford 
a test of the values we arrive at the equation may be written 
under the following form. Putting the angle ^ for the 
arc ^, 

4 180 8in(ia+i^) . 
'^ 21 TT cos'(ia+i^)' 

jll.0379639 
or = log'*< + log sin (Ja + J^) 
l-2logcos(Ja + i^)J 



(3). 



Equation (1) can be solved by expansion so long as a and 
^ are not too large. 

It gives 

•••jH-hlMM)]. 
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= ^(l + 0.2411«*), 

or, if a be expieaaed in degrees, 

= ^(1+0.0000730^ (4). 

Let ajeE,a,...^,^,^,...be the SQccessive values of a and i 
for the Beveral compartmeata of a lime. These are coimectea 
hy the following relations : 

a, = a, + 0„ a, = a, + ^j, 

SapposQ that for the first compartment aj = 0^.75*, then 

■ This particnilu nine ii hen UMd becanM tha osIohUUddi foUoirliig an 
token from B Fap«r, bj tba antbor, in the PbUotophical Trastactioitt for IfUSS. 
upon Hlmmalsjan Attnction, and tbree-fonrCha of a degree ia abont 



oompartmenta w . .. _. 

than three'tbnrthi of a dagree, or about fiS milei, ttaeiT dbnentiona can eaiilj b« 
caloolated backwHda, i.e. towarda the ataUon, bj th« help of the formula 

1 1 



a, =0°.75 *, =00.075 




a., =0°.S8 0., =0".0a8 1 








=-,, = 0.33 *-,|-0 




=-,=0 


52 -j, 1 = 0.063 




m\ 


a_, = 


50 «.-, = 0.056 




a-„ = 0.31 *-„-0 


WI 




il .J.-a = 0.O6l 






>[jf 




46 fl.-j = 0.046 






■H7 










:iifl 










114 












BHi = 0.31 «-B = 0.031 
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bj^ (4) ^, = 0*. 075; therefore «l = 0'.825: and lyjf proceeding in 
tais way we obtain the following pairs of ytdaee by this 
formola. 



«, - 0'.75 


*, 


= (y.075 


0,-0 .83 


*, 


= 0.083 


a, =0.91 


*. 


= 0.091 


0, = 1 .00 


*, 


= 0.100 


Q, = 1 .10 


*• 


= 0.110 


0, = 1 .21 


*. 


= 0.121 


a, =1.33 


*, 


= 0.133 


0. = 1 .46 


*. 


= 0.146 


a, = 1 .61 


*. 


= 0.161 


a„-1.77 
Qu=1.95 
=11 = 2.14 




= 0.177 
= 0.195 
= 0.214 


i,. = 2.35 
Q„ = 2.59 


A. 


= 0.235 
= 0.259 


o^ = 2.85 
a,.-3.13 




= 0.285 
= 0.313 


o„-3.4S 


*„ 


= 0.345 


o„ = 3.79 


*,. 


= 0.379 


a,, = 4.17 
a„ = 4 .59 
1^-5.05 


1 


= 0.417 
= 0.459 

= .rm 



o„-6'.55 


^,,= 0°.55S 


o„-6 .11 


0„ = 0.611 


a„ = 6 .72 


^, = 0.672 


o„ = 7 .39 


^, = 0.739 


0,-8 .13 


0„ = 0.813 


a„ = 8 .94 


*„ = 0.894 


a, -9 .83 


^„ = 0.983 


Q„= 10.82 


*,= 1.089 


«,= 11.91 


*.. 1.202 


«„- 13.11 


*„. 1.326 


a„= 14.43 


*„= 1.462 


0^=15.99 


0,^ = 1.620 


Q„= 17.61 


<A„ = 1.800 


«„= 19.41 


4. = 1.992 


a„- 21.40 


0,-2.211 


o„ = 23.81 


0„ = 2.456 


a„ = 26.06 


0, = 2.732 


0,= 28.79 


0„ = 3.O54 


0^=31.84 


*, = 3.419 


a„ = 35.26 


0„. 3.600 


o„ = 38.86 


0„=4.314 



That these resolte derived from the approximate formola 
(4) are thus far correct, we gather from the fact that the last 
pair, viz. a =38''.86 and ^„ = 4°.3l4 sofiieiently satisfy the 
test (3) when Bnbstitntcd, Beyond this pair, we cannot 
nae (4), but must solve eqnation {!}, or rawer (3), by trial. 
This leads to the followmg pairs of values stretching to 
the antipodes. 



a„ = 43*.17 


^„ = 4".980 


a^ = 48 .15 


0«, = 5.783 


a„ = 53 .93 


</.„= 6.800 


a„ = 60 .73 


^„ = 8 .210 



„= 68''.94 0^ = 1O'*.33O 
„= 79.27 0^=14,030 



a„=ll6.68 0„imperfect. 
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61. The formulae here deduced may be applied to find the 
efiect on the plumb-line of any mountain-region, or hoUow (as 
in the case of the ocean), bo long as the angle subtended at 
the station by any part of it is such as to allow its square to 
be neglected 

In the Philosophical Transactions for 1855 and 1858-9, the 
author has applied these principles to find the effect of the 
Himmalayas and the mountain-region beyond them on the 
plumb-line in India, and has found that the meridian deflection 
caused in the northern station of the Great Arc of Meridian 
(lat. 29' 30' 48", and long. 77° 42') is nearly 28", as far as the 
data regarding the contour of the mass can be ascertained; 
and that the astronomical amplitudes between that and the 
next principal station (lat. 24° 7' 11"), and between that and 
the third (lat. 18° 3' 15"), are diminished by the quantities 15". 9 
and 5". 3. He has also shown that the meridian deflection be- 
tween the first and third of these stations varies very nearly 
inversely as the distance firom a point in the meridian in lati- 
tude 33° 30'. 

62. The effect of the deficiency of matter in the Ocean 
south of Hindostan down to the south pole is also calculated, 
upon an assumed but not improbable law of the depth, and 
found to produce a meridian deflection northwards at the three 
stations specified of about 6", 9", 10". 5 respectively; and 
19". 7 at Cape Comorin. 

63. It is possible that, the superabundant matter in 
mountain-regions having been heaved up fi-om below, there 
may be a deficiency of matter below the mountains which 
would under certain circumstances have the tendency of 
counteracting their effect on the plumb-line. This Mr Airy 
has suggested in a Paper in the Philosophical Transactions 
of 1855, on the hypothesis that the deficiency is immediately 
below the mountains close to their mass. Upon the supposi- 
tion that the mountains may have drawn their mass from 
the regions below through a considerable depth, by an exten- 
sive and small expansion of the matter in those lower regions, 
the author has calculated the modifying effect on the plumb- 
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line In the Transactiona for 1858-9. This has brought to light 
the fact, that a trifling deviation in the density from that 
required for fluid-equilibrium, if it prevail through extensive 
tracts, may have a sensible effect upon the plumb-line. The 
following Proposition, with which we shall close this Chapter, 
will show this. These questions, in themselves interesting as 
problems in Attraction, become still more so, as we shall see, 
m the determination of the Figure of the Earth. 

Prop. To find ike effect on the plumb-line of a slight hut 
wide-spread deviation in density in the interior of the earth, 
either in excess or defect, from that required hy the laws of 
fluidrequilibrium. 

64. Suppose vertical lines drawn down through the four 
angles of any compartment to a depth d, and a surface uniting 
the four extremities drawn, so as to form the frustum of a 

Syramid of which the vertex is in the centre of the earth : 
raw also a vertical line of length €? through the mid-point of 
the compartment. Suppose the height of the matter standing 
on the compartment to be uniform and equal to one mile. 
Let the several vertical prisms of which it consists be con- 
ceived to be distributed downwards uniformly through the 
depth dy the density of this lengthened prism will be less 
than that of the superficial rock in the ratio of 1 : rf. Let u 
and V be the distances of the extremities of this long prism 
from the station. Then the attraction of the short prism 

mass 
along the chord of the surface = — a~ > ^'^^ 0^7 -^» 48) that 

u 

mass 

of the lonffer = , Hence alone: the horizontal line at the 

° uv ^ 

. . attra ction of slender prism _ w 

attraction of the prism at surface v 

Now in Art. 59, it has been shown that the attracting mass 
on any compartment may be considered concentrated in the 
mid-point. Much more may this be done with the horizontal 
layers of the frustum which are not of larger dimensions than 
the compartment, and are farther off from the station. Hence 
if u^ and t7j be the distances from the station of the extremities 



58 ATTRAcnoirs. 

of the Terdcal line d through the middle point of the nudrline 
of the compartment, the attraction of the mass on the oom- 
partmenty and the deflection canaed Igr it, nmist both be 
diminished in the ratio of hl to i?^ to find the effect of the 
same mass distributed throngn a depth d. Snppoee the masses 
(one mile high) on n compartments of any hme are thus 
cUstaibiited; thcai hj Art 58, formula (2), 

Deflexion = 1". 1392 sin i/3 i^ + ^ + + —I . 

K/3«30*, the coeflfcient = 1". 1392 x 0^58 == 0". 294. 

65. We will take an example. Let the width of tbe Imie 
fi = 30P, and let the 21 compartments firom o^ to o^ (see Table 
in Art. 60) be included. This will be a tract of country 
5*.55-0*.75 = 4*.8, or 334 miles in length, and the breadth 
at the mid-point will = sin ^ (5*. 55 + 0*. 75) x the length 
of 30^= 0.055 X 30 X 69.5 = 114 miles; and, by spberical tri- 
gonometry, the area is, in round numbers, 38,500 square miles. 
We will take three examples of depth which (for convenience 
of calculation) we will express in the length of degrees, yiz. 
3*, 6", and 9*; which nearly equal 208, 417, and 625 miles. 
The vertical thicknesses of these three divisions of the firustum 
are each = 3® =208 miles. The widths, however, parallel to 
the horizon grow less in passing downwards. But owing to 
the convergency of the radii bounding the elementary prisms, 
the density increases in the distribution of the matter in 
exactly the same proportion that the area of the horizontal 
section diminishes. The amount of matter in the three divi- 
sions is therefore the same, and we may consider the volumes 
the same, and each equal to 38,500 x 208 = 8,008,000 cubic 
miles = 3-100,000th parts of the volume of the whole earth. 

Now since the greatest of u.u^ ... te^ is less than 6^ we may 
take the arc for the chord without sensible error. Then, witn 

u 
respect to all these quantities, - = the cosine of the angle of 

u 

which -^ is the cotangent. This enables us without difficulty 
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with the help of a Table of cosines and co-tangents to form 
the sum of tne series in the last Article. The values of u are 
the first 21 values of a in the Table in Art 60. 



d= 


:3' 


rf= 


= 6^ 


d^ 


= 9« 


u 


u 
cos = - 

V 


u 

3 = cot 

a 


u 
cos = - 

V 


u 


u 
cos=- 

V 


0.250 


0.242 


0.125 


0.124 


0.083 


0.083 


0.277 


0.267 


0.138 


0.137 


0.092 


0.092 


0.303 


0.290 


0.152 


0.150 


0.101 


0.100 


0.333 


0.316 


0.166 


0.164 


0.111 


0.110 


0.367 


0.344 


0.184 


0.181 


0.122 


0.121 


0.403 


0.374 


0.201 


0.197 


0.134 


0.133 


0.443 


0.405 


0.222 


0.217 


0.148 


0.146 


0.487 


0.438 


0.243 


0.236 


0.162 


0.160 


0.537 


0.473 


0.269 


0.260 


0.179 


0.176 


0.590 


0.508 


0.295 


0.283 


0.197 


0.193 


0.650 


0.545 


0.325 


0.309 


0.217 


0.212 


0.713 


0.581 


0.356 


0.335 


0.238 


0.232 


0.783 


0.617 


0.392 


0.365 


0.261 


0.253 


0.863 


0.653 


0.431 


0.396 


0.288 


0.277 


0.950 


0.689 


0.475 


0.429 


0.317 


0.302 


1.043 


0.722' 


0.522 


0.463 


0.348 


0.329 


1.150 


0.755 


0.575 


0.498 


0.383 


0.358 


1.263 


0.784 


0.631 


0.534 


0.421 


0.388 


1.390 


0.812 


0.695 


0.571 


0.463 


0.420 


1.530 


0.837 


0.765 


0.608 


0.510 


0.454 


1.683 


0.860 


0.842 


0.644 


0.561 


0.489 


sums=: 


11.512 


zs 


7.101 


sz 


5.028 


multipl; 


7^7 










0".294= 


:3".385 


= 


2".088 


= 


1".478 



From this Table we gather, that the Deflections caused at 
the station bj the superficial mass one mUe thick, when dis- 
tributed uniformly through the depths 208, 417, 625 miles, 
are 3". 385, 2". 088, r.478. The densities of the matter thus 
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diffused in these tliree cases are about -gooth, 4^th, ^th 
of the density of the superficial rock, u we multiply the 
above deflections by 2, 4, 6, we have the deflections caused by 
matter, of 1-lOOth the density of superficial rock, distributed 
over the three depths, e^ual to 6".770, 8". 352, 8". 868. Ee- 
taining the first, subtractmg the first from the second, and the 
second from the third, we have the three deflections caused by 
a mass of 208 miles vertical thickness (occupying 3-100,OOOtn 
parts of the volume of the whole earth and of density 1-lOOth 

Sart of the density of the surface) the centre of which is at 
epths 104, 312, 521 miles: they are 6".770, 1".582, 0".516. 
We may finally change the comparison between the density 
of this space, 3-1 00,000 ths of the earth's volume, in its three 
situations, with the density of surface, to a comparison with 
the average density of the earth itself at the several depths 
at which the centre of the space lies. 

If 2> be the density of the surface, a the radius of the earth, 
the usually received law of density of the interior, determined 
from the nuid-theory, is 

Density at depth d= -%sin (— j . 

When d= 100, 300, 500 miles, this gives the densities 

l.UD, lASD, 1.1 ID. 

Multiplying the last angles by the ratios of these densities 
to D, we have finally the Deflections — caused by an excess 
or defect of matter, prevailing through a space equal to 
3-100,000 th parts of the volume of the earth,and 1-100 th part 
of the earth's density at the centre of the space — equal 7".7, 
2". 3, and 0".9, the depths of the centre of the space being 
about 100, 300, 500 miles. 

The form of the space in its three positions is shown in the 
diagram; viz. DG, FI, HK; and 0, P, Q are their centres. 
The particular form arises from the manner in which the mass 
is dissected, so as to make the calculation feasible. The result 
serves to show the kind of effect which slight but extensive 
variations from the density of fluid-equilibnum in the hidden 
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regions below may have upon the plumb-line : and we shall 
find the use of this when we come to consider the Figure of 
the Earth : (see Art. 98). 

66. Had the width DB been equal to the middle width 
at a, so as to make the boundaries BC^ DE parallel, the efiect 




would have been very much greater. Moreover the defect or 
excess in density which we have taken, viz. 1-lOOth, mi^ht 
have been chosen larger, and the deflections proportionably 
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increased. For there are manj kinds of rock, as granite, 
which differ so in density in the different specimens mat the 
difference between the extremes is greater even than 1-lOth 
of the mean. And if this difference exists at the surfiBK^e, it 
does not seem to be improper to suppose that great variations 
ma^ exist also below, from the effect of the cooling down and 
sobdifying of the crust, even much greater than 1-100 th. 



FIGURE OF THE EARTH. 



CHAPTEE I. 

THE FIGURE OF THE EABTH CONSIDEBED AS A FLUID MASS, 

AND THEREFORE CONSISTING OF STRATA 

NEARLY SPHERICAL. 

67. After it was known that the earth is of a globtdar 
form, Newton was the first who demonstrated that it is not 
a perfect sphere. From theoretical considerations and also 
from the discovery that a pendulum moves slower at the 
equator than in higher latitudes, he arrived at the conclusion 
that its form is that of an oblate spheroid. This subject we 
propose to consider fully in the present Chapter, on the 
hypothesis that the Earth was a fluid mass when it assumed 
its present general form. The calculation is one of great 
difficulty, and would indeed be impracticable did we not know 
that the figure differs but little from a sphere. 

As a first approximation we shall inquire whether a ho- 
mogeneous flma mass revolving about a fixed axis can be 
made to maintain a spheroidal form according to the laws of 
fluid pressure. 

Prop. A homogeneous mass of fluid in the form of a 
spheroid revolves with a uniform velocity about an aods: re- 
gniired to determine whether the equilibrium of the surface left 
free is possible. 

68. Let a and c be the semi-axes of the spheroid referred 
to three .axes of rectangular co-ordinates, c being that about 
which it revolves: also let c^^cf (1 — e"). The forces which 
act upon the particle {xyz) are the centirifrigal force and the 
attraction of the spheroid parallel to the axes: these latter 
are given in Art. 12, and are 
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^{'/T^* am' e-e {l-<^}x, 
^ {VT^' sin-* e - e (1 - ^iy, 

-^ {e - Vl-e* sin"* g} «. 

Let these be represented by Ax^ By, Cz. L et i^ be the 

angular velocity of the rotation, then ii7* *Ja?-\-y* is the cen- 
triragal force of the*particle {xyz), and the resolved parts of it 
parallel to the axes of a?, y, z are w?'a;, w^'y, 0. Hence X, Yi Z, 
the forces acting on {xyz) parallel to the axes, are 

These make Xdx + Ydy + Zdz a perfect differential, and 
therefore so far the equilibrium is possible. 

The equation of fluid equilibrium gives 

-dp^Xdx-h Ydy -\- Zdz 

= — (^ — tr") {xdx + ydy) — Czdz ; 
,-. ^ = constant- {A-w^) {a?-Vy^) - Gz\ 

r 

At the surface p = 0, and therefore 

— 77 — (^' + y*) + «' = const. 

is the equation to the surface; and this is a spheroid, and 
therefore the equilibrium is possible, the form of the spheroid 
being properly assumed. The eccentricity is given by the 
condition 

1 .2_c'_ A--w' 



w Vl-e' . _, . l-e* 



.2 



or - — = a — siii"^ ^ — 3 — 5 — f- -a (1 — e^Y sin"* e ; 
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Now observation shows that --- = the ratio of the centri- 
fdgal force at the equator to gravity at the equator. Hence 

1 vi?a V? 1 



289 iTTpa - w'a ' * ' 2irp 435 ' 

By expanding in powers of e and neglecting powers higher 
than the second, because we know that the earth is nearly 
spherical, we have 



.-1 



1 c V 1 . 3 c" 






ik-a-)('-i^-i-')(-i-"-ro«')-|-» 



.-. a«= ^ 



116 • 
If € be the ellipticity, then 

a — c . /- r 1 . 1 



€ = 



= i«vr:^=ie'= 



a 2 232 



This result is so much greater than that obtained by other 
methods, as we shall see, that it decides against our consider- 
ing the earth's mass to be homogeneous. Lideed it is h priori 
highly improbable that the mass should be homogeneous, 
since the pressure must increase in passing towards the centre 
and the matter be in consequence compressed. 

P. A. ^ 
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69. Another value of e, nearly = 1, satisfies the equation. 
But this does not give the figure of any of the heavenly bodies, 
since none of them are very elliptical. 

Since there atre two values of e which satisfv the equation, 
it might be supposed that the equilibrium of the mass under 
one of these forms would be xmstable, and, upon any derange- 
ment taking place, the fluid would pass to the other as a 
stable form. But Laplace has shown {M£c, CSles, Liv. iii. 
21) that for a given primitive impulse there is but one form. 
Ln fact it is easily seen that for a given value of w, the angular 
velocity, the vis viva of two equal masses, so different in 
their form as to have e small and nearly equal unity, must be 
very different, and that therefore the mass cannot pass from 
one form to the other without a new impulse from without 
being given to its parts. 

70. The relation between w and e in Art 68, shows that 

as to alters e alters, and vice vers4. By putting — = 0, we 

find the greatest value of w which is consistent with equi- 
librium. This after some long numerical calculations gives 

17197 
« = ^^.^^ i and time of rotation = 0*1009 day. 
27197 '^ 

71. Before proceeding to calculate the ellipticity on the 
hypothesis of the earth's mass being heterogeneous we will 
take the following extreme case. The density increases as 
we pass down towards the centre. Suppose that at the centre 
it is infinitely greater than elsewhere: that is, suppose the 
whole force resides in the centre. The case of nature must lie 
between this hypothesis and that of the earth's being homo- 
geneous. 

Prop. To calculate the ellipticity of a mass of fluid revolving 
about a fixed axis and attracted by a force residing wholly in 
the centre of the fluid and varying inversely a3 the squxire (nthe 
distance. 

72. Let M be the mass of the fluid ; the other quantities 
as before ; 



CENTRAL PABTS ALONE ATTRACTINa. 67 

Then the equation Xdx + Ydy + Zdz = becomes 

M 

-J {xdx + ydy + «&) — «?* {xdx '\' ydy) = ; 

.'. — I- "^ (^ + y*) = constant = C. 
a 



1 _G 1 a?»+y 



1 

By reversing this, squaring, expanding, and neglecting the 

square of -^37: , this is seen to be the equation to a spheroid. 
580 

When a;=0 and y=»0, then sj — c ; when z = 0, a3'+y* = o*; 
1 (7 1 (7 1 1 c 580 



• • 



c If ' a if 580 a' a 581' 

1 



.'. € = 



581* 



This value of € is too small (as we might have expected), 

as -^-TT is too large, to agree with the form deduced in other 
232 

ways. 

Peop. To find the equation of equilibrium of a heterogeneous 
mass offiuid consisting of strata each nearly spherical^ and re- 
volving about a fixed axis passing through the centre ofgramty 
with a uniform anguhr velocity. 
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73. Let XYZ be the sums of the resolved parts of all the 
forces i^hich act upon any particle {xyz) of the fluid, parallel 
to the axes of co-ordinates, p the density at that point, p the 
pressure. Then the equation of fluid equilibrium is 

^^Xdx+Ydy-^-Zdz. 

r 

At the surface, and also throughout any internal stratum 
of equal pressure and therefore of equal density, in passing 
from point to point ^ = 0. 

Hence Xdx + Ydt/ + Zdz = 

is the differential equation to the exterior surface and to the 
surfaces of all the internal strata ; the particular value assigned 
to the constant after integration determining to which surface 
the integral belongs. 

The following property belongs to all these surfisu^es. If ds 
be the element of any curve drawn on the surface through 
{xyz), and jB be the resultant of XYZ; then the equation may 
be written 

X dx Y dy Z dz ^ 
Bd^'^Bd^'^B Sr~^' 

which shows that the resultant force is at right angles to any 
line in the surface, and therefore to the sunace itself at the 
point {xyz). 

The equilibrium will be the same if we suppose the rotatory 
motion not to exist, but apply to each particle a force equal to 
the centrifugal force caused by the rotation. The forces then 
acting on the fluid will be the centrifugal force and the mutual 
attraction of the parts of the fluid. Let V be the potential 
Art. 18) for this tnass, then 

_dr _dV _dV 
dx ^ dy ^ dz 

jare the attractions parallel to the three axes tending towards 
ihe origin of co-ordinates. Let w be the angular velocity of 
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irotatlon about the axis of z, taken aa the fixed axis ; w\x 
and v^.y will be the centrifugal force at the point {ayz). Then 
the differential equation to the surface and the strata becomes 



w* 



or constant = V+ — (a?+y*). 

Let r be the distance of the point (xyz) from the origin, 
dnd the angle r makes with the axis of z, and cos d^/Mi 
then a^ + y^=z r^ 8in"^= (1 -/a*) A Also let m be the ratio 
of the centrifugal force at the equator to gravity at the 

equator (or ^^ J ; let a be the mean radius of the stratum 

through {xyz) ; a the radius of the equator ; then 

. M w'b.' 
a' M 

and Jf == 47r I pa^da = - 7r^(a) suppose, 

the strata being considered spherical because of the smallness 
of the numerator in the value of m ; 



• • 



3w*a" a 47r 6(a) 

47r^ (a) ' 3 a"' 



and the equation becomes 

constants F+^w^{l-/i*)r» 

o a 

this arrangement being made, because the second and third 
terms as thej now stand, are Laplace's Functions of the 
order and 2. (See Art. 39, Ex. 1.) 

Now since the mass is supposed to be fluid and the external 
%ar&ce nearly spherical, it follows that as the heavier i^«x^^ 
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which are all free to move, will sink through the lighter, and 
lie in layers, these layers will also be nearly spherical, other- 
wise there will be a greater pressure on one part than on an- 
other, and the equilibrium of the layer or stratum will not 
exist. We may therefore assume as a consequence of the 
fluidity and the form of the surface that the strata also are 
nearl/spherical. 

By Art. 46, we have 

In this put 

r = a(l+r,+ ... 1^ + ...) and[ pa'^da'^^{a), 

as before. Then substitute this ralue of F in the equation 
to the strata and equate terms of the order i. (See Art. 35.) 

The constant parts give 

[dp Am- ^{a) f " ^ r ^ r , 47r ,6 (a) 

and the terms of the order t give 



3a 



-imJ/'^'W'^'"*^ 



except when t s= 2, in which case the second side is 



m e^^ja) (l A 

"6 ~ir~l3"'*r 



Bj this equation I^ is to he calculated, and tbeo. dw finn 
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of the stratum of which the mean radius is a is known by the 
formula ^ 

r = a (1 + r, + r,+ ... + r, + ...). 

Prop. To prom that F, = 0, excepting the case ofi^2. 

74. Since F, and p are functions of a, they may be ex- 
panded into ascending series <^ the form 

T.^Wa'^-..., p = I) + iya''+...y 

where D is the density at the centre of the earth, and is as 
well as W and D' independent of a: *, n ... must not be 
negative, otherwise Y^ and p would be infinite at the centre. 

Now when these and the corresponding series obtained by 
putting a for a, are substituted in the equation of the strata 
in the last Article, and the first side arranged in powers of a, 
the various coeflScients ought to vanish ; excepting when t = 2, 
because then the second side is not zero. We shall therefore 
substitute these series, and search for values of TFand s which 
satisfy the condition. 

J^'^ n + 3 

After two easy integrations the equation of the strata 
becomes 



No value of s will cause these terms to vanish. The only 
apparent case is when t = 1, for then by puttiug « = f — 2 the 
piurt in the brackets vanishes: but in this particular case 
« =s » 1, and is negative and therefore inadmissible. 

Hence the only way of satisfying the condition is by p^ttin^ 
W== ; this shows that Y^ has no first term, that is, that it 
has no term at all and is therefore zero. 

Fkop. To find the value of F„ and to prove that the atraia 
mre uU ypherovMf covcentric cmd with a common €uc%9. 
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76. The equation for calculating Y^ is, by Art. 73, 



~6 ""a? 



d-"-)- 



Suppose Y^ (and similarly F/) is expanded in a series of 
powers of J — /lA* with indeterminate coefficients to be ascertain- 
ed by the condition, that they shall satisfy the above equation. 
These coefficients will be functions of a only, as it is clear from 
the right-hand side of the equation that (o does not enter into 
the value of Y, ; and Y^ consists of only one term, that in- 
volving the simple power of J — /ia*. Let it be fi (J — /a'), 6 
being a small quantity of the order of m. Hence 

r = a {1 + c (J — ijf)]j pL = sin (latitude) =^ sin 2 

= a (1 — f g) {1 + 6 cos* l), since i is small. 

This is the equation to a spheroid from the centre, e being 
the ellipticity. The axis-minor coincides with the axis of 
revolution of the whole mass. Hence the strata are concen- 
tric spheroids, the minor-axes of which coincide with the axis 
of revolution of the whole mass. 

Prop. To obtain an approximate law of the density of the 
strata, 

76. By Art. 73 we have the following equation for calcu- 
lating the pressure on the stratum of which the radius is a, 
neglecting the small term, 

Laplace has integrated this equation on the supposition 
that the change in pressure in descending through the strata 
varies as the change in the square of the density {MSmoires 
de V Institute Tom. iii. p. 496). This law of compression 
differs from that of elastic fluids, in which the change in 
joressure varies as the change in density. The law usra by 
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Laplace is h priori more probably tme than the law of 
compression of elastic fluids, for the greater the density of 
tenacious and semi-fluid masses the greater must be the increase 
of pressure to produce a giren increase of density. See also 
some remarks on this subject by Professor Challis in the 
Phil, Mag. VoL xxxviii. The approximate truth of this law 
is, however, shown by the accuracy of the results to which it 
leads us. 

Putting, then, dp = \Jcd.p*, k being a constant, 

I -; -fida =k{p + constant) ; 

.'. Jea(fi + const.) = 47r / pa^da + ^ira I p'aday 
since ^(a) =B I p'a^da. Differentiate* with respect to a ; 

J A 



.*. A:f-^^-fconst.j=47r/)a*+47r| pa'da—Airpcf^ATrl pa da; 

a»pa m • 47r • 

••• -^ + 2-/^=^> puttmg-^=2"; 

.'. pa= Q sin (ja + jB) ; .•. p = — sin {qa + B). 

a 

When a = 0, p = -^-^r ; .'. jB= 0, otherwise p would be 

infinite at the centre, which cannot be ; 

Q • 
.*. p = — sm ja, 

Q and q being unknown constants. 

* In order to explain how to differentiate a definite integral with respeet to a 
quantity inToWed in the limite, let //(jr) = F(x) + const. ; 

.-. f'nx)dx=F(a)-^Flb)i 
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Prop. To obtain an eqtmtion for calculating the eUys^iiGiij 
of the strata. 

n. Substitute « ( J - ijf) for Y^ and h' (J - ij!) for Y^ in tie 
equation of the last Proposition but one, and we have, after 
dividing by J - /ia*, 

3a 5a' Jo ^ da'^ ^^ 5]^^ da' 6 a» 

Divide both sides by a\ and differentiate with respect to a; 
then multiply by a*, and differentiate again, and divide by the 

coeflScient of ^ ; 

dh Bpa^ ds ( pa'l^^^r. 
da* ^(a) da \ <^(«)j ^ 

This ijaay be put into another form. Multiply by ^ (a); then 

Cor. 1. By putting a = a in the first equation of this last 
Article, we have the following equation, which we shall find 
of use; 

Prop. To find an ea^essionfor the ellipticity of the etraia, 
with the law (^density deduced in the last Proposition hut one. 

78. In the equation of last Article put p = — sin qa. 

pa /? 1 

Now ^^a) =81 p'a'*da' = 3 ^ I'-- cos ja + -3 sin 2a}. 
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and our equation becomes 

Iff"' 

To integrate this put ^ (a) « s= -^ I a' I (ixdd*\ 

'. T, =-4j » I oajtto'*-^/ axda^-ij axda+x; 

.\ a- 4/ a'xW + ^J a'Tax'da^^O. 

Multiply by a* and differentiate ; 

da? r* 

••• «* J- + 2aaj — 3aa? + 2*a / doidal = 0. 

Divide by a and differentiate, and then divide by u ; 

d^x - 

The solution of this is 

X + (7j* sin ( ja + J?) « 0, 
C7 and j5 being independent of a \ 

.•. I doidd — ^ Gqacm {qa + 5) + Csiu (ja + 5) j 

1 f 2(7 

.•. ^(a)6=:-5JC!a"sin(ja + jB) + — aco8(ja + jB) 

— -^ sin (ja+jB) + — acos {<jia+B) — '^Wi{qa + B)Y 
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In our case 5 = 0, otherwise the ellipticity at the centre 
would he infinite, as is easily seen hj expanding s in powers 
of a. 



Hence, if we suhstitute for <f> (a) 



3 Q tan qa — qa 



And e heing the ellipticity of the surface, 

(3 \ g[ 
1 — -jii) tan jaH 
^ (fa J ^ qa 

This gives the law of decrease in the ellipticity of the strata 
in passing down from the surface to the centre. 

By Art. 77, Cor. 

= Q {a*€ sin ja + / d^e (sin qa' — qa cos qa*) da*] by parts. 

Substituting for g' from the expression already found for 6, 
integrating and reducing, the integral in this expression 

_ € (tan qB, — ^a) sin g^a f - «_ i jc _ ^^ "" l^jal 

Also ^(a) = ^8inja(l-^). 
Hence ^r- = 

26 

(/V- 3 A»+ ^2^ + f 1 - -^-1 r6fl»a'- 15 - g*^'- ^^1 
^ ^ ^ tan ga \ tan ya/ V ^ tan g^a / 

\ tanja/V^ tanja/ 
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"^ ^ tan ga tan'ya 
V tan cpk) x' tan ja/ 

Put -T^ — = 1 — « to facilitate the calculation ; 
tanja 

1- 



•*• ^""X-gV-fSgVg-g'aVT ^ V?' 

When this is calculated for the surface, we shall be able to 
find the ellipticity of any stratum we like by the ratio of g to 
e already found above. 

Prop. To prove that the elUptictty of the strata decreases 
from the suiface towards the centre. 

79. We assume that the density of the Earth increases 
from the surface to the centre. Let then /a = i) — ^a*+ ..., 
where E is positive : and £ = -4 + Bc^ + .... Then 

f, , = 1 -^a*+... = l — fia*+..., fi'iwsitive. 

<p{a,) n-\-Z B ' r 

Put these in the differential equation in t of Art. 77 ; it 
gives 

jB(m' + 5m) a~-^-6^fia""^+ ... = 0. 

Neither m nor B can equal zero, because then the second 
term of g only merges into the first. Nor can w = — 5, a nega- 
tive quantity. Hence the first term will not vanish of itselfi 
But we may make the first alid second vanish together by 
putting 71 = w and B (m* + 5m) = ^AH. Hence B must be 
positive. And therefore near the centre t increases towards 
the surface. 

In thus increasing, suppose it attains a maximum^ and then 
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di 

decreases. At this point ^ = ; and the e<jaation of Art, 77, 
already used, gives 

This corresponds to a minimum. Hence s does not attain a 
maximum, and therefore it continually increases from the 
centre to the surface. In the above we have assumed that 
^ (a) is greater than po?. This appears 

V ^{a)=^zj'p'a"da'^pa'-ra''^,da\ 

and -^ is negative by hypothesis. 

Prop. To calculate the numerical value of the eUipticity of 
the surface in the case of the Earth, 

80. In order to do this it is necessary to find the values of 
^a and tan^a at the surface. Let n be the ratio of the density 
of the surface to the mean density of the Earth. Now the 
mean density 

= I ^ffrpoL^dd -r / ^ird^dd = --^\ cos ja + -5 sin ja[ ; 

... l = A.fi«_?L.V 

' * w 2*a* \ tan ja/ ' 

Znq2^ 
.*. tano'a = -r — ^-ra- 

If we take the mean density double of the density at the 
surface (see Art. 58), then 

which is satisfied by cp. = 2*4576 = 140'* 45'. Then 
tan ja = - 0-812, « = 4*0266, j'a* == 6*0398, 5*a»-r« = 1-5. 
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Hence bj the formula of last Article 



5fn 1 971 

e = 



2 2'5266 1-01064 
1 . 1 



since m = 



292 ' 289 

If we take the mean density = 2*4225 x the density of the 
surface = 2*4225 x 2*75 = 6'66, which accords very nearly with 
Mr Airy's determination from the Harton Experiment {Phil. 
Trans, for 1856, p. 355, where it is 6'565), tne equation for 
finding ja is 

*^^?*=l-0-80752»a«' 
which is satisfied by qa, = 2*618 = 150'. Then 

tan ja = - 0-57735, i5 = 5*5345, ^a' = 6*8539, 
^a* 4- ;5 = 1*2384, z -r g^a* = 0*8075. 

In this case 

5m 1-4225 5m I m 

e = 



2 3*7729 2 2*652 1*0608 

81. In the course of the last eight Articles we have de- 
veloped the following conditions, which must be satisfied if 
the Earth has derived its present general form from being in 
a fluid state. (1) The direction of gravity must everywhere 
be perpendicular to the surface. (2) The form of the surface 
must be an oblate spheroid, with its axis cpincident with the 
axis of revolution. (3) An additional test, though not abso- 
lutely infallible yet invested with a large degree of probability, 
is that ftunished by the result of Art. 80, by assuming a law 
of density of the strata which is of itself h priori very pro- 
bably true, that the value of the ellipticity is not very dif- 
ferent from —Q. We shall see in a fdture Chapter that the 
actual measurement of the form of the Earth by meaaa <^t 
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trigonometrical operations meets all these conditions. It Is 
foond hj measurements in widely separated countries, that an 
ellipse of the kind described can be drawn in the plane of the 
meridian of anj place, cutting the plumb-lines at all the 
stations where it is examined at right angles ; and the eUip- 
ticity of this ellipse is almost exactly equal to jj^. There 
are local deviations from this law, arising from local causes, 
which are produced by the variations of the surface of the 
Earth and probably of the interior of the solid crust also. 
But the average line is this ellipse. Since the variations of 
the Earth's surface, in mountains and valleys and extensive 
oceans, are palpable, and must have arisen since the Earth 
ceased to be fluid and assumed its general form, the fact that 
deviations from this ellipse are found in the level-curve while 
the average curve is still this ellipse, is rather confirmatory of 
the theory of original fluidity than otherwise. 

The probability of the truth of the law of density made 
use of in the previous calculations is strengthened by the 
value of Precession which it leads to. 

Prop. To test the law of density used above by the amount 
of Precession of the Equinoxes which it leads to. 

82. The Annual Precession 

= 7r cos/ 1+-^ — 180^ 

/= obliquity of the ecliptic = 23' 28' 18", i = inclination of 
Moon's orbit to ecliptic = 5° 8' 50", n and n' are the mean 
motions of the Earth round its axis and round the Sun, and 
their ratio = 365*26, n" the mean motion of the Moon round 
the Earth = 27*32 d^s, v = ratio of masses of Earth and 
Moon = 75. (See Mechanical Phihsophy, Second Edition, 
Art. 470 : also, changing the notation, Airy's Tracts^ Fourth 
Edition, p. 213, Arts. 36, 38.) Substituting the above quan- 
tities, 

G-- A 
Annual Precession = 16225"*6 — 77— , 
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where A and C are the principal moments of inertia of the 
mass, the latter about the axis of reyolution. To find these 
let xyz be the co-ordinates to any element of the mass, rO» 
be the polar co-ordinates to the same. Then the mass of this 
element = -^ pT^dfidtadry fi = cos 0. Also 

y»+2* = r^{l-(l--^')cos'tt)} 

x' + ^ = r'[| + |i-(l-/*')8m»«.|], 

Th§ terms are here arranged as Laplace's Functions. (See 
Art. 39, Ex. 4.) 

.-. C7-^=r rrp{{x'+y^''{if' + z')}dfid(Ddr 
Now r = radius of any stratum = a jl + g[- — /iAMHArt.75); 

= (T (a) + 1^ (a) U - fj?j suppose ; 



p. A. 
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.-. C-A='^{&)j' j*'(^ - /j [- / + (1 - /**) COS* <o} d^, 
by Art. 26, 

= '^(a)f^(|-/*')(l-3/*')rf/*=^^(a). 

Sir 
Also (7= -^ o- (a), neglecting the small term -^ (a). 
o 

Now ^W=J />-^^ = 3a"^.(a)^e-^j 

= -^ sin ja f € — — j 2r, by Arts. 77, 78. 
And putting p = — sin qa, and integrating by parts, 

o- (a) = 1 /)a*da = 1 a' sin jadJa 

^/ a" . 3a' . 6a 6 • \ 
= ( cos {'a + —^ sm ja + -J cos ja 1 sm g'a 1 

= -^smja|3-^,-(^l-^,j^}. 



2" 
Hence substituting «, as before, 



C-A 
G 



(-^) 



2+ 1--^,U 



Substituting for ja, ;3, € and m their values, this is found 
to = 0-00313593. 

.'. Annual Precession = 16225"-6 x 0-00313593 

= 50"-8. 

The value generally assigned to the Precession, from obser- 
vation, is 50"-l. The almost complete coincidence of die 
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result of the theory with this observed value is a remarkable 
evidence in favour of the law of density we have adopted. 

83. Mr Hopkins has endeavoured to ascertain how fer 
the interior of the Earth may at present be fluid, by calculating 
the value of the Precession upon the supposition of the mass 
being a spheroidal shell of heterogeneous matter, enclosing a 
heterogeneous fluid mass, consisting of strata increasing ac- 
cording to the law we have used. In three memoirs in the 
Philosophtad Transactions of 1839, 1840, and 1842, he enters 
upon a complete investigation of this subject. We will give 
the evidence upon which he rests his ccmclusion that the crust 
is very thick. 

Prop. To trace the argument drawn from Precession to 
show that the crust is of considerable thichness, 

84. Mr Hopkins has deduced the following formula (in 
which we have changed the notation to suit the present 
treatise), 



P " € 



L ^ da' ^ 



26a' I pa da + e 1 p — ^ da* 



where P is the precession of the equinoxes of a homogeneous 
spheroid of ellipticity e, which by calculation = 57" nearly 
if 6 = g^; P is the precession of the heterogeneous shell, the 
outer and inner ellipticities being e and g : this = 50"'l by 
observation. 

The success of the calculation depends upon a remarkable 
result at which he has arrived, that the precession caused by 
the disturbing forces in a homogeneous shell filled with homo- 
geneous fluid, in which the ellipticities of the inner and outer 
surfaces are the same, is the same whatever the thickness of 
the shell. It is therefore the same for a spheroid solid to the 
centre. The formula above given is tne relation of the 
amounts of precession in two shells, one heterogeneous and 
the other homogeneous ; and, as the thickness is the quantity 
sought, neither of these amounts could be calculated, and 
therefore the relation expressed in thfe «bW^^ ferBsol^ -^^^s^i^ 
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be of no avail. But in consequence of the property that the 
precession of the shell, when it and the fluid are homogeneous, 
IS the same as that of the spheroid, this difficulty is overcome ; 
and P can be calculated without knowing the thickness, and 
therefore P wUl be known. 

We have shown (Art. 79) that the strata decrease in ellip- 
ticity in passing downwards : hence h' — 6 is never negative, 
and the fraction on the right hand in the above formula is 
never negative, and is never so large as unity : let it = )8. 
Hence 

- = - — i8, or H is less than -e; 

€ O o 

and therefore, because the ellipticity decreases in descending, 
the thickness must be greater than would correspond with an 
ellipticity of the inner surface, of the shell equal to 7-8 ths of 
that of the outer surface. 

If solidification took place solely from pressure, the surfaces 

of equal density would be surfaces of equal degrees of solidity. 

If we ' use the formula for finding s in Art. 78,' and make 

ya = 150**, and the mean density = 2*4225 times the superficial 

7 
density (the second of the values in Art. 80), then if g = -€ in 

3 

the formula of Art. 78, we have, after reduction, a = j a, or 

the thickness equal to one fourth of the radius, or 1000 miles. 
If a smaller ratio of densities is used than 2*4225, the thickness 
is greater. (Mr Hopkins shows also that a ratio a little larger 
than 3 makes the thickness 1-5 th of the radius: but this ratio 
is too large. The ratio generally used is about 2*2). 

But solidification depends upon temperature, as well a3 
upon pressure. In his third memoir {Phil. Trans. 1842), 
Mr Hopkins shows that the isothermal surfaces increase ia 
ellipticity in passing downwards. If temperature alone re* 
gulated the solidification, these surfaces would be the surfaces 
of equal solidity. But since both pressure and temperature 
have their efiects, the ellipticities of the surfaces of equal 
solidity must lie between those of the isothermal and the 
equi'denae surfaces. Hence the surface of equal aolidity at 
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any depth wUl be more elliptic than the surface of equal 
density at that depth : and therefore the inner surface of the 

.7 

solid shell, of which the ellipticity is - e, must be at a depth 

8 

corresponding to a stratum of equal density of smaller ellip- 

. . 7 . 

ticity than - e, that is, at a greater depth than 1000 miles. 

In the above reasoning jS has been neglected. If its value 
be used, it strengthens the argument for a greater thickness 
than 1000 miles. 

We may, therefore, safely conclude that 1000 miles is the 
least thickness of the solid crust. In the calculation it has 
been assumed that the transition from the solid shell to the 
fluid nucleus is abrupt. This will hardly be the case. The 
above result will therefore apply to the effective surface, lying 
near the really solid shell. But in consequence of the ten- 
dency, as shown above, of every cause being to prove that the 
crust is really thicker than 1000 miles, we may safely take 
this to be its least limit. 



85. Professors Hennessy and Haughton have both written 
upon this subject: see Phil, Trans. 1851, and Transactions of 
the Royal Irish Academy^ 1852. The first makes the thickness 
be between 18 and 600 miles. But in his calculation he 
assumes that the shell is so rigid as to resist, without change 
of form, the internal pressure which arises from the inner 
surface ceasing to be one of fluid equilibrium : an assumption 
which cannot be considered admissible. Moreover he sup- 
poses that in cooling the outer shell will contract less than 
the fluid nucleus ; which can hardly be true. 

Mr Haughton's investigation involves a fallacy which vi- 
tiates all his results, and shows that they determme nothing 
whatever regarding the ratio of the solid to the fluid parts of 
the Earth. (See Philosophical Magazine, 1859.) 

Prop. To show what influence the present aspect of the swt- 
face of the Earth has upon the argument for the thickness of 
the crvet. 
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86. The following considerations are sufficient to show 
that the crust of the Earth must at the present date be very 
thick. 




The above diagram represents a vertical meridian section 
of Hindostan, the Ocean, and the crust of the Earth, through 
Of or Cape Comorin. AbcD is the average fomi of the 
mountain mass: AB= 1^0, 5(7=230, Bb = Cc= 2'5 miles: 
mn = ty Ar = t' the thickness of the crust below m (any point 
on the table-land) and A : arc -4Jf = a, area of AhmM= K; 
O its centre of gravity, Gg vertical; rg = A, perpendicular to 
Og ; Am = h; h and k the middle points of mn and Ar ; he 
perpendicular to mn ; re = y, to he. 

The mass Mr is held in equilibrium by its weight, the 
downward pressure of the overlying mass MA, the upward 
pressure of the fluid below, and the force of adhesion at 
the joints mn and Ar. Since the crust has, by hypothesis, 
been formed by the solidification of the fluid, its density at 
any point will be very much the same as the fluid was at 
that point. We will at present assume it to be the same. 
Hence the weight of Mr = the upward pressure of the fluid, 
and the weight of Mb A tends to break the crust, and is sus- 
tained by the adhesion at the joints. Let C be the length 
of rock, of a unit section, the weight of which equals the 
average force of adhesion on a unit of surface. C?=l-5th 
mile, may be considered to be the greatest limit of G (see 
Phil. Trans. 1855, p. 102). 

If the point m sink, the joints Ar and mn will open at A 
and n, and an opening will take place at some other point oa 
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the left. The equation of moments of the forces acting on 
Mr taken about r is 

= G. t {r- 1^+*+ (r- COS a} + \G.i^\ 

.-. IK. h = [i* + 2«e' cos a - ^ + (r vers a + A) <} (7... (1). 

Take the case of m being at c, then h = rg^ 255 miles : 
a = 5° 19', cos a = 0*9957, r vers a = 17*2 miles : take K=^ Gh 
[omitting ABb), this = 230 x 2*5 = 575 square miles ; 

.-. r + 2t't - <* + 19-7« = 1466250 = (1212)*. 

If t be very small, ^'=1212 nearly; this is a condition 
which no law of cooling could bring about. Also t' cannot 
be small, otherwise f would be negative. J£ t = t'y then each 
is greater than 800 miles. 

Formula (1) may be applied to find the least thickness 
of the crust beneath 8, any point on the Ocean south of Cape 
Comorin, to prevent its bed Os being broken up by the lava 
from below. Make the centre of moments : Op = t\ 8q = t^ 
08= a, & = — A. Suppose that the depth of the Ocean in- 
creases uniformly with the distance from 0, and is 3 miles at 
25® distance from 0, i. e. between Madagascar and Australia ; 
then A = 14 sin \a. Also K= area 08s ; and K.k, the moment 
about of the several elementary portions, = 18'7r^ sin'^a by 
integration. Hence formula (1) becomes 

«'' + 2tt'cosa-^+(rver8a-14sinJa)^ = 187r*sin'ia. 

If a is so large as 25^ cos a = 0*9, vers a = O'l, sin ^a = 0*216, 
and the coefficient of t may be neglected ; 

.•. «'* + 2<'«cosa-e'=187r»sin'ia. 

As before, ne ither t nor t' can be small. If t^i] then 

each = r sin Ja^/93•5 sin Ja = 1000 miles, when a = only 10^ 
Therefore in this case, even more than the former one, the 
thickness must be very great to prevent the crust being 
broken through. 
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It ha« been assumed, that the density of the cmst is every- 
where the same as the fluid from which it was formed by 
solidification. Suppose, however, that it is more dense, then 
the tendency of the crust to break, in the first case, will be 
greater than we have made it, though the tendency in the 
second will be less. The reverse will be the case if the crust 
is lighter than the fluid from which it is formed. So that 
in any case a fracture must take place somewhere, either 
beneath the mountains or beneath the Ocean, unless the thick- 
ness is very great. As both the mountains and the Ocean- 
bed retain their positions of elevation and depression, we have 
no alternative to choose but that the thickness of the crust is 
very great. 

87. The result of the whole proves that the crust must be 
very thick : and, as Mr Hopkins s calculation appears to be 
free from objection, and in fact to be the only one on which 
any reliance can be placed, we may conclude that the thickness 
is at least 1000 miles. 

The present form of the surface in mountains, table-lands, 
continents, and oceans has been, no doubt, acquired from a 
process of expansion and contraction which the crust has 
undergone during the ages since it was first consolidated. 
Geology teaches us that these elevations and depressions of 
vast regions are at this present day, going on. We may, 
therefore, fairly conclude— especially with this evidence that 
the crust is so thick — that the present varieties of the Earth's 
contour have grown from this cause, and have not arisen in 
any way from the operation of hydrostatic principles. 

This does not in any way contravene the hypothesis that 
the Earth was once a fluid mass, and has receivea its general 
figure from that condition. The fact that its mean form, as 
measured by geodetic operations, coincides with the fluid-form 
calculated upon an assumed, but {hpri(yr{) very probable, law 
of densi^, is an imanswerable argument in favour of the hypo- 
thesis 01 original fluidity. And the coincidence of the calcu- 
lated amount of Precession, on this law of density, with its 
observed amount, is a very strong evidence that that law of 
density is the law of nature. 



CHAPTER n. 

THE FIGURE OF THE EARTH, ON THE SOLE HYPOTHESIS 
OF THE SURFACE BEING A SURFACE OF EQUI- 
LIBRIUM AND NEARLY SPHERICAL. 



88. Upon the hypothesis of the Earth being a fluid mass 
it was shown by Clairaut, in his celebrated work Figure de la 
TerrCj published in 1743, that the increase of gravity in pass- 
ing from the equator to the poles varies as the square of the 
sine of the latitude, and that a certain relation must neces- 
sarily subsist between the ellipticity and the amount of 
gravity, a relation which has been ever since known as 
lairaut*s Theorem. Laplace demonstrated the same, on the 
simpler hypothesis of the surface only being a siirface of equi- 
librium, and the interior being solid or fluid, but consisting 
of strata nearly spherical. Professor Stokes, in an investiga- 
tion published in the Cambridge Philosophical Transactions 
for 1849, has done the same, without makmg any assumption 
whatever regarding the constitution of the interior of the mass, 
but assuming only that the surface is a spheroid of equi- 
librium, of small ellipticity. The present Chapter is borrowed 
wholly from Mr Stokes's investigation. Clairaut's Theorem 
is valuable as it gives us the means of determining the ellip- 
ticity by means of pendulum oscillations, the times of which 
measure the force of gravity at the several stations where 
experiments are made. The general coincidence of the ellip- 
tici^ thus deduced with that on the hypothesis of original 
fluidity tends to strengthen that theory. 

PboP. To find the law of gravity at the surface of a sphe^ 
raid of equilibrium and of small ellipticity. 
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89. Let V be the potential of the mass. Then because 
the surface is a surface of equilibrium, 

const. = F+ \w^ (1 - /It*) r^. 

By a process precisely like that in Art. 23 we have, for an 
external point, 



d\rV d 






Let Fbe expanded in a series of Laplace's Functions, 

Then since the above equation is linear with respect to F, 
and a series of Laplace's Functions cannot equal zero unless 
the Functions are separately zero (see Art. 35), we have, by 
substituting the above series for F and remembering the con- 
dition given by Laplace's Equation, 

r~^-i(i + l)F,= 0; 
W 

where W^ and Z^ are independent of r. The complete value 
of F becomes 

WWW 

V=^ + -^-{-^+...+Z,-\-rZ, + f^Z^ + ... 

Now F evidently vanishes, from its very definition, when r 
is infinite. Hence Z^ = 0, Z^ = 0, Z^ = . . • 

W^ W^ W^ 

• • y ^^ i ^s I 3 r ••• 

r ir r 

If the surface were spherical, this expression would be re- 
duced to its first term. Hence in our case TF-, W^ ... must 
be all small quantities of the first and higher orders. 
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Substitiitnig this in the equation of eqnilihrinm and pntting 
we hare 

Equate the snms of Laplace's Functions of the same order 
to zero; 

.*. Fi = a const. --IT* a', W^ = 0, 

Let ff he gravity. Then since the angle hetween the 

radius vector r and the normal varies as the ellipticity and 

therefore its cosine must be taken = 1, the value of gravity 

dV 
is — -^ the part of the centrifugal force resolved along r 

= -J+3(TF.e-l.«a»)i:(l-;.')-«,v(| + l-M«). 

Substituting for r and omitting small quantities of the second 
order, 

^ = __«_..«,a + -, (g-/*J. 

The first portion of this is evidently the mean value of ff^ 
because if ff be multiplied by an element of the surface and 
integrated throughout, the latter part will disappear. Let 
the first part be O; therefore also w^.a,=^m.Q, since m is 
small; 



92 FIGURE OP THE EARTH* 

= G^|l-i(^m-€)l|l + (^m-€)sin» (latitude)!. 

Hence the increase of gravity in passing from the equator 
to the poles varies as the square of the sine of the latitude ; 
and also 

polar gravity - equatorial gravity ^ ^y- ti^j^v 
equatorial gravity ^ '' 



= g^-e) + e = | 



m 



5 



= - X ratio of centrifugal force at equator to gravity. 

90. This is Clairaut's Theorem/ which is thus demon- 
strated by Professor Stokes without making any assumption 
regarding the interior of the mass. Nothing can be inferred, 
therefore, from any numerical value we may obtain for gravity, 
and therefore for the ellipticity, by pendulum experiments, 
regarding the Earth's mass having been originally fluid or 
not. 

For a valuable and interesting account of pendulum ex- 
periments made in places in all latitudes, and the result re- 
garding the Figure of the Earth, we must refer the reader to 
Major General Sabine's work on the subject, Account of Ex- 
periments to determine the Figure of the Earth hy means of the 
Pendulum vibrating Seconds in different Latitudes. London^ 
1825*. The ellipticity thus deduced is ^, rather greater 
than that obtained by the geodetic and other methods. In 
consequence of the irregularities of the surface of the Earth 
the experiments with pendulums need various corrections 
before they can be properly applied to determine the ellip- 
ticily. The principal ones depend upon the elevation of the 
station above the sea-level (for which Dr Young gave a formula 
of correction, see Phil. Trans, for 1819), and the excess or defect 

* See also his latest remarks on the subject in the Notes to liis trandatioB 
of the Cosmos, Vol. lY. Part i. 
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of matter in table-lands or the sea in the neighbourhood of the 
station. If the station, for instance, be on a rock in an island in 
the midst of a sea, such as St Helena, the correction for this 
second disturbing cause will be different from what it would 
be for a station at the same elevation from the sea-level in 
the midst of a continent. This effect depends, as may be 
gathered from Art. 52, not upon the height of the station 
above the sea-level, but upon the excess or defect of matter 
however arranged. Professor Stokes has ftdly considered the 
influence of these causes of derangement in his Paper above 
referred to. He shows, that the effect of these corrections for 
the irregularities of the surface, and for the different elevations 
and other local circumstances of the stations where the experi- 
.ments are made, is to reduce the value of the ellipticity, and 
make it nearer to ^. 

91. Cor. 1. The investigation in the last Proposition 
gives, after making substitutions. 



-H-t 




E being the mass of the Earth. TF^ is evidently equal to the 
mass, because as r becomes infinitely great the second term 
vanishes with reference to the first, and we know that in that 
case the value of the potential must be the mass divided by 
the distance. 

92. Cor. 2. Laplace first pointed out that the ellipticity 
of the Earth would have an effect upon the Moon's motion. 
The expression in the last Article leads to the following for- 
mula for the change in the Moon's latitude produced by this 
cause, 

where a = distance of Moon, h *= mean motion of the node, 
n = mean motion, e = the epoch, or longitude when ^ = 0, 
/ the obliquity of the ecliptic. (See Mechanical Phihaophy^ 
Second Edition, Art. 556 ; also, changing the notation, Airy\ 
TractSy Fourth Edition, p. 188, Art. 84.) Thia baa \sftftsi. 
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shown by Burg and others to equal — 8" sin (wf + e) ; also 
h = 0'0040217n* Hence after all reductions 

€ - ^ = 0-0015474, ^ = -i- = 0-001747&: 
2 2 578 

/. € = 0-0032950 = ;r;r;r nearly, 

303 "^ 

This method, as was the case with the pendulum experi- 
ments, only determines the ellipticity, but rives no evidence 
on the subject of the original fluidity of the Earth. The near 
agreement is remarkable. 

93. The spheroidal form of the Earth's surface and the 
circumstance of its being a surface of equilibrium afford us 
more information, as Professor Stokes has shown, regarding 
the distribution of matter in the interior of the Earth's mass. 

Prop. To show that the centre of the Earth's mass coincides 
with the centre of its volume, and that the axis of rotation is me 
of the principal aac^s of the mass, as a consequence of the form 
of the surface being a spheroid of equilibrium^ 

94. By Art. 18 we have the potential of the mass with 
reference to an external point {Jgh), or 



~\\\ \Lf- 



pdxdydz 



the integrals extending throughout the whole interior of the 
Earth. Let pdx dy dz = dm, and X, fi, v the direction-cosines of r 
the radius vector to {fgh); then/=\r, g=^fir, h=vr; and 
expanding the radical according to the mverse powers of r, 
we get 

+ — gS.X/A lljxydm+,.,^ 

S denoting the sum of the three expressions necessary to form 
a symmetrical function. 



CENTRES OP FIGURE AND MASS COINCIDE, &C. 95 

Comparing this with the value of Fin Art. 91, 

llldm = E, and also 

II la%?w = 0, Ijjydm = 0, jjjzdm = (1), 

i t . (3\'- 1) jjja? dm + 3t. Xfijjjxydm 

= (e-l^)^a? (!-;.«) (2), 

and other equations from the succeeding terms. 

Equations (1) show that the centre of gravity of the mass 
is at the centre of the spheroid of revolution, or the centre of 
the volume. 

With regard to equation (2) we may observe that Xfiv are 
tied by the relation X* -F /a* -f i;^ = 1. If then we insert this for 
1 in the equation, so as to make it symmetrical with regard to 
\, fly and V, and equate the several coefficients, we shall 
obtain 

t.(y-^fi^-^iAffjx'dm + 3t.\fijjjxydm 

which leads to 

jljxydm = 0, jjjyzdm==0, jjjxzdm^O (3), 



jfjy'dm - ljjj.'dm - Ijjja^dm = 1 (e - 1 ^) ^« 



. ...(4). 
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Equations (3) show that the co-ordinate axes are principal 
axes ; and that therefore the axis of revolution is a principal 
axis. 

The last three equations (4) show, first, that 

or, as might be anticipated, the moments of inertia about the 
axes of a? and y, in the plane of the equator, are the same. 
They give also if, as before, A and G are the principal 
moments, 

Were we able to deduce G also, without making any hypo- 
thesis regarding the internal condition of the earth, me !rre» 
cession might be obtained under the same circumstances. In 
that case, the agreement between the amount of precession 
calculated upon the assumed law of internal density and the 
observed value (pointed out in Art 82) would fiimish no 
proof of the truth of that law. But as the precession cannot 
be thus independently calculated, the result m Art. 82 affords 
a strong argument for the correctness of the law of internal 
density which we have adopted. 



CHAPTER m. 

THE FIGUBE OF THE EARTH, DETERMINED BY GEODETIC 

OPERATIONS. 

95. In a previous Chapter we have shown that if the 
Earth be considered a fluid mass the form of the surface will 
be an oblate spheroid of small ellipticity, its axis coinciding 
with the axis of revolution, and the surface being everywhere 
at right angles to the direction of gravity ; and further, that 
upon assuming that the density of the strata varies according 
to a certain very probable law, the ellipticity = 3^ nearly. 

In this Chapter we propose to submit this to the test of 
measurement, by inquiring whether an ellipse can be found 
with its axis coinciding with the axis of the Earth and cutting 
the plumb-line at stations along it at right angles ; and whether 
the ellipticity of that ellipse is ^^ . 

The method of doing this is as follows. A base-line, about 
5 or 6 miles in length, is measured with extreme accuracy, near 
the meridian, the curvature of which we are to find. By a 
series of triangles this base is connected with a number of 
stations in succession lying near the meridian, the angles and 
sides of which are calculated or observed, as the case may be. 
Thus a connexion is established between the original base and 
a second base at the termination of the chain of triangles, 
and the length of this second base obtained by calculation. 
It is then measured, as the first was, and by a comparison of 
the calculated and measui'ed results the correctness or not of 
the operations is tested. This having been satisfactorily per- 
formed, the projections of the sides of the triangles on the 

P. A. 'I 
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meridian are found, and their sum gives the length of the 
meridian arc between its two extremities. The latitudes of 
these extremities are then observed with great care, and from 
these data the form of the ellipse, of which the arc is a part, is 
found by the principles of conic sections, as we shall now 
show. 

Prop. To find the length of an arc of meridian in terms of 
the amplitude, the semi^aans major, the ellipticity [the ellipticity 
being small), and the middle-latitude. 

96. Let I and I' be the latitudes of the extremities of the 
arc, m the mean of these or the middle latitude ; X the ampli- 
tude of the arc or the difference between the latitudes ; a, c, and 
6 the semi-axes and ellipticity ; s the length of the arc, r the 
radius vector, and d the angle r makes with the major axis. 
Then 

1 cos*^ sin*0 7 «' 

-1= — 5 — I J— > tan^=-rtana: 

r a (y <f 

1 a'cos'Z + c^sin*? . . . 

••• ?=' a«cos'Z + c-8in'r Pitting o = a (1 -e), 

r = a (1 — € sin* I), neglecting €*... 

^7 = — 2a€sin ?cos?, -7?= 1 — 26+ 46 sin* Z: 
dl dl 

ds / „ d6^ dn^ ,^ ^ « . 9 7x 



^a\l ~-€--€Cos2ZJ; 



.*. 8 — a 



1 — o €] ? — 7 € sin 2? S- + constant 



= a |(l - ie) (Z- I) - ^e (sin 2Z- sin 20} 
= a\(l — -€ — -ecos2'mj , neglecting e . \'... 



LENGTH OF AN ARC. 99 

Cor. 1. If p be the radius of curvature at the middle of the 
arc, that is at latitude m, then because 

p^a [1 — -e — -€C0s2wj , .*. «=Xp, 

or the arc may be considered to be part of a circle of which 
the radius is the radius of curvature of the middle point. 

CoR. 2. In the same way the length of an arc of longi- 
tude, measured along a parallel in latitude Z, 

= ai (1 + e sin* l) cos ?, 

L being the diflference of longitude of the extremities of the 
arc. 

Prop. To ohtain formulm for finding the semi-aons major 
and elUptidty, when the lengths^ the amplitttdes, and middle^ 
latitudes of two arcs are known; and to illustrate them hy 
examples. 

97. As there are two unknown quantities to be found, it is 
necessary to have two equations like that in last Article, and 
therefore the measurement of two arcs. 

Let 5, «' be the lengths, X, X' the amplitudes, and w, m' the 
middle-latitudes of the two arcs ; ' 

s s ^ 3 *' 

' * X "" V ^ 2 «€ (cos 2m* - cos 2m) = g jj;' ^ i^^^ 2m' - cos 2m) ; 

2 s'\ 

3 cos 2m — cos 2m * 

and a = - Jl + - (1 + 3 cos 2m) ej- is known when € is. ^ 

1—^ 
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98. As an illustration of these formulae we might apply 
them to find the form of the Great Indian Arc of Meridian 
between Kaliana (lat. 29" 30' 48"), and Damaigida (lat 18* 
3' 15"), divided into two parts by the station Kalianpur (lat. 
24* 7' 11"). These latitudes were determined by Colonel 
Everest astronomically, with great care. The lengths of the 
two arcs were found by the Survey to be 326859*52 and 
367154*37 fathoms. In a former part of this Treatise we have 
stated that the amplitudes of these two arcs are really 1 5"*9 
and 5"*2 larger than the astronomically determined amplitudes, 
owing to the efiect of the Himmalayas on the plumb-line (see 
Art. 62) ; and that they may be considered still larger by 3" 
and 1"'5 owing to the efiect of the deficiency of attracting 
matter in the Ocean (see Art. 63). We will apply the formula 
for e to these three examples, using (1) the observed ampli- 
tudes, (2) the same corrected for Himmalayan attraction, 
(3) the same corrected for the effect of both the Himmalayas 
and the Ocean. 

Ex. (1). \ = 5° 23' 37" = 19417", V = 6' 3' 56" = 21836", 

s _ 326859-52 _ V_ 21836 

8' - 367154-37 "" ^ ^^^^^' X " 19417 " ^ ^^*^^' 

cos 2m' - cos 2m = cos 42* 10' 26" - cos 53*^ 37' 59" 

= 0-7411263 - 0-5929544 = 0-148172 ; 

_ 2 0-89025 X 1-12458-1 _ 0-002306 
'• ^"3 0148172 "0-444516 



192-7 ' 

(This is the same as the result D, F in Table, Art. 100.) 

Ex. (2). \ = 19417" + 15"-9 = 19432"-9, 
V = 21836" + 5"-2 = 21841"-2, 

^ = 1-12393, ^^« 1-00058; 

A* 8 \ . 
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2 0-00058 0-00116 1 



3 0-148172 0-444516 383-2 



Ex. (3). X = 19435"-9, V = 21842"-7, 
^ = 1-12383, n\ = 1-000492, 

\ 8 At 



2 0-000492 0-000984 



3 0-148172 0-444516 451-7 ' 

These examples serve to show how much small errors In 
the amplitudes will affect the calculated ellipticity. We will 
give a general formula by which the eflfect may be at once 
calculated in any case. 

Prop. To find the error in the computed elUptidiy arising 
from an error in one or both of the amplitudes of the arcs 
compared ; and to discover what arcs are most likely to give 
good results, 

99. Differentiate the value of € in Art. 97 with respect to 
X and X' ; 

oX X' dK 

. . a€ ^~ ^ "f . 



3 s' * cos 2m — cos 2m' 



By this formula the error may be found. We miffht apply 
it to obtain the results of the second and third examples in the 
last Article from that of the first. 

The value of de shows that the error in €, for given errors 
in the amplitudes, will be least when cos 2m' — cos 2m is 
greatest, disregarding the sign ; this is greatest when 

2W = 0, and 2m = 180, 

or when the middles of the arcs are at the equator and either 
pole. The more widely separated the arcs compared are, 
within the quadrant, the less will errors in observing the 
amplitudes astronomically vitiate the result. 
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100. The following results of the comparison of sevenl 
pairs of arcs, compiled from Colonel Everest's Volume on ^ 
Measurement of the Indian Arc, published in 1847, will show 
how far the results vary. 

Name of the Arc. Ttfiddla Timtitndft 

A is the arc Tarqui to Cotchesqui 1* 31' south. 

B Punnae to Damargida 13^5' nortL 

C Punnae toKaliana 18^50' 

D Damargida to Kalianpur 2 1^ 1 0' 

E Damargida to Kaliana 23*47' 

F Kalianpur to Kaliana 26** 49' 

G Formentera to Dunkirk 44* 51' 

H Dunnose to Clifton ^2*2' 

I Jacobstadt to Hochland 58** 18' 

J Pahtavera to Mallom .66*^20' 



B C D E F G 



H 



B 



C 



D 



E 



F 



G 



H 



1 

340 



314 

1 
295 



1 
368 

1 
390 



1 

308 



1 

276 

1 



313 
1 



315 
1 



323 



• •• 



309 
1 



295 


259 


310 


313 


307 


1 


1 


1 


1 


1 


295 


239 


313 


315 


308 




1 


1 


1 


1 


... 


192 


298 


304 


299 






1 


1 


1 


• • • 


• • • 


316 


318 


309 


• .• 


• • • 


1 
346 


1 

339 

1 


1 

324 

1 



300 

1 

377 



312 
Jl^ 
310 

311 
J_^ 
303 

1 
313 

1 
325 

1 
309 

1 
302 

1 
329 1 
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These results differ very much among themselves. The 
measurements of the arcs, as tested in the manner we have 
described, seem to admit of little or no improvement. And 
any small errors in the middle latitudes will not affect the 
results, as they will produce changes in the ellipticity only of 
the second and higher orders of magnitude, as the formula 
shows. It is in the observation of the amplitudes that errors 
are introduced. There must be errors somewhere, as the 
formula is sufficiently exact, and there is no possible source of 
error but in the amplitudes. 

101. But notwithstanding these variations the average 
result is found to coincide most remarkably with the ellipticity 
deduced upon the hypothesis of original fluidity. Both Mr 
Airy and the late M. Bessel have entered very thoroughly 
into a comparison of the various arcs measured in different 
parts of the world. Mr Airy has used the several arcs accord- 
ing to their importance and value, as determined by the cir- 
cumstances under which they were measured and observed, 
and has shown that they give on the whole ^^^ for the mean 
ellipticity of the Earth. (See " Figure of the Earth," Ency- 
clopcedta MetropoUtana,) M. Bessel adopted the method of 
least squares, and, by an entirely independent process, brought 
out the ellipticity 3^^ . (See Taylor's Scientific Memoirs^ 
Vol. II. p. 387.) 

These results satisfactorily show that the ellipticity of the 
mean spheroid which most nearly represents the Earth's form 
is about 3^. The conditions, therefore, required for sup- 
posing the Earth to have received its present average form 
from having been once in a fluid state, are altogether satis- 
factorily fulfilled. 

Prop. To explain the probable cause of the ellipticity , deter- 
mined Jrom the several pairs of arcs, differing from the mean 
ellipticity. 

102. The two conditions we have assumed, in Art. 95, 
seem to suggest in what direction to look for local deviations 
from the law we have found to hold regarding the form of the 
Earth considered as a whole. 
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First, the plumb-line may not in all eases be perpendicular 
to the mean ellipse. Local attraction is sufficient to produce 
material errors in the vertical, and therefore in the amplitudes 
determined by meridian zenith distances of stars. For instance 
(Art. 56), an error as great as 5" was discovered at Takal 
K'hera in Central India by Colonel Everest, arising from the 
attraction of a distant table-land. Colonel James has shown 
that a deflection of about the same amount occurs at Arthur's 
Seat, Edinburgh [Phil. Trans. 1857). We have mentioned 
that the attraction of the Himmalaya Mountains produces a 
deflection amounting to as much as 28" at the northern ex- 
tremity of the Great Indian Arc (Art. 61). We have calcu- 
lated elsewhere (see Art. 62 and Phil Trans, for 1859) that 
the deficiency of matter in the vast ocean south of India causes 
such deflections as 6", 9", 10"'5. 19"'7 at various stations: 
and (Art. 63), that it is not at all improbable that extensive 
but slight variations of density prevail in the interior of the 
Earth, the causes of which are not visible to us as mountain 
masses and vast oceans are, sufficient to produce errors in the 
plumb-line quite as great as and even greater than most of 
those already enumerated. These seem abundantly to ac- 
count for the deviations we see in the table of calculated 
ellipticities given above, derived as they are from uncorrected 
observations. 

But, secondly, there is another probable cause of these devi- 
ations from the mean. The present state of the surface is 
sufficient to suggest it. It is obvious that the form of equili- 
brium no longer actually exists, as all the variety of hill and 
dale, mountain and table-land and ocean-surface, sufficiently 
testifies. Geology teaches the same more generally and phi- 
losophically. Extensive portions now dry land were once at 
the bottom of the ocean, receiving the fossil deposits and bury- 
ing them in the detritus of rocks, which time wore down, 
to become, as they are now, the records of their own history. 
Changes of level must therefore have taken place on a large 
scale. Land-marks in Scandinavia, the temple of Serapis at 
Puzzioli, the ancient and recent coral-reefs in the Pacinc, as 
pointed out by Mr Darwin, all testify that these changes of 
level are still slowly going on. It has been suggested, with 
great probability, to be cauaeSi Vf \!cxfc ^:s?5«sii\Qti. «a.i ^tL- 
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traction of vast portions of rock in the interior of the Earth 
arising from variations in temperature produced by chemical 
changes. Whatever the cause, the fact is certain. The 
Earth's form, as defined by the surface which cuts the plumb- 
line at all places at right angles, can no longer be a form of 
fluid-equilibrium, although the average form is so. 

The anomalies, therefore, in the Table of EUipticities are 
no more than we might have anticipated: and, rather than 
disproving the theory that the Earth was once fluid, they con- 
firm the hypothesis. 

103. But though these sources of error and doubt have no 
influence upon the general figure of the Earth, they canijot 
but have their full effect upon the determination of the curva- 
ture of the several separate parts of the Earth's surface. If 
in MAPPING A COUNTRY we Calculate the latitudes with a 
wrongly-assumed curvature, or from data given by plumb- 
lines which are influenced by disturbing causes, known or 
unknown, the results must be affected. To what extent this 
may be the case will appear from the next Proposition. 

Pbop. To find what effect an uncorrected error in the am- 
pUtvde of an arc^ or the use of the mean ellipttctty of the Earth 
instead of that of the actual arc, will have in mapping a cmvntry 
hy calculating the latitudes from geodetic measures and obser^ 
vations, 

104. Let L be the latitude of one extremitv of the arc, 
jB its radius vector, m the middle latitude, s the length of the 
arc, and the other quantities, as in Art. 96. Then 

B = a{l — € sin' iy)=a(l — ^e + ^e cos 2i), 

5 = aX {1 - i (1 + 3 cos 2m) e] 

= ^ {1 - i (3 cos 2m + cos 2i) e}. 

Suppose that in this formula X, corrected for any local 
deflection of the plumb-line, and the value of € for the local 
arc be substituted ; then the value of s will come out the same 
as the measured length. But suppose that X + dX and 
e H-cfe are erroneously used for the above vaVvxa^ ^^X ^ts.^^^ 
then the corresponding error in 8 ia iouudiVj ^\Bftx^TiJC\^Jo5N.^ 
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the above formula. In this differentiation R is constant, and 
the variations in m and i, owing to the variation in X, may 
be neglected, as they would introduce quantities of the second 
order. Hence 

ds dX 1 ,^ ^ «.7-\ 7 

— = -^ — - (3 cos 2m + cos 2L) de. 

We shall take the Northern portion of the Great Indian 
Arc to illustrate this formula. In that X = 5° 23' 37" = 19417", 
rf\ = — 15"*9 in consequence of Himmalayan attraction (Art. 
61), « = 371 miles, m = 26^49', L or the latitude of the 
southern end = 24° 7', cos 2m = 0*59295, cos 2L = 0-66610. 

First. Suppose that the ellipticity of the actual arc is 
used ; then de = 0, and 

ds=8'^ = -3nx -^ = -0-304 mile. 
X 19417 

Hence, the distance between the stations deduced from the 
observed amplitude will come out less than the actual distance 
by 3-lOths of a mile. 

Secondly. Suppose that the amplitude is rightly found, 
but that the wrong ellipticity is used, viz. the mean j^, 
instead of the curvature of the actual arc of the country whicli 
is being mapped. Then dX = 0, 

ds = — ^8{S cos 2m + cos 2L) de 

= - 371 X 1*22248 de = - 453*54 de mile. 

We will take the three examples of ellipticity deduced in 
Art. 98. 

1. Suppose -— is the actual ellipticity : then 

193 

+ ^^ = 57^ ) * = -0-001848 ; 



193 300 

.•. efe = 453-54 x 0-0^\^^& = ^''^'^ tsSl^s 
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or the calculated distance will be about 5-6 ths of a mile 
greater than the actual distance. Taking this in connexion 
with the first case, the error would place the northern end of 
the arc about 0*840 - 0304 = 0*54, or a little more than half 
a mile, too far from the southern end. 

2. Suppose •^-— is the ellipticity of the arc of the country 
mapped: then 

+ ^^ = ^7^ > * = 0-000722 ; 



383 300 

/, £& = - 453-54 X 0-000722 = - 0*327 mile ; 

or the calculated distance will be a little less than 1-3 rd of 
a mile less than the actual distance. Taking this in connexion 
with the first case, the error would place the northern end on 
the map about 0*304 4- 0*327 = 0*63, or a little less than 2-3rds 
of a mile too near to the southern end. 

3. Suppose T— - is the actual ellipticity, 

J_ + ^ = d€ = 0-00112 ; 

452 300 ' V vv X , 



• • 



efe = - 453-54 x 0*00112 = - 0*508 mile. 



or the calculated distance will be about one-half of a mile less 
than the actual distance. Taking this in conjunction with the 
first case, the error would place the northern end of the arc on the 
map, calculated from the southern end, about 0*304 + 0*508, 
or 0-81, nearly 4-5 ths of a mile too much north. 

If therefore any place be laid down in the map by calcu- 
lations proceeding firom one end of the arc in question, and 
then by calculations from the other end, the two places would 
be apart by more than half a mile in the first and second 
cases, and nearly 3-4ths of a mile in the third case. 

This, though only an approximate caA^ci\3\«i\AS>Tk./\% ^^iS!^^<ssJ^ 
to show the importance of knowing t\ie ettox^ \s^ ^\^^ ^Cas^ 
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plumb-line is affected ; and of estimating the actual curvature 
of the arc running through the country we are mapping, and 
the inadequacy of the knowledge of merely the mean curvature 
of the whole Larth and the observed latitudes for this purpose. 

105. In consequence of the inequalities of the Earth's 
surface the observations, whether made on the pendulum or 
in geodetic operations, are all referred to the sea-level ; that 
is, to that surface which the sea would form if allowed to 
percolate by canals through the continents. The sea is thus 
taken as the basis of our measurements ; and is assumed to 
have a spheroidal form. But it is possible that these local 
disturbing forces, arising from attraction, may have the effect 
of crowding up the waters in the direction in which the forces 
act, so as sensibly to alter the sea-level from the spheroidal 
fom. This we staU proceed to examine. ^ 

Prop. To find the effect of a small dtsturhtng force parallel 
to the meridian in changing the Level of the Sea. 

106. Let U be the disturbing force and du an element of 
the line u along which it acts. Then / Udu must be added to 
the potential in the equation of fluid equilibrium of Art. 73. 

.*. I -^ = F+ -~ f^ (1— /a') +1 Udu = const, at the surface. 

Putting w^ = m.-i and substituting for Ffrom Art. 91 ; 

a 

Now when the small force Z7is neglected 

a « 

-=l + €./A^ 

r '^ 

Hence, neglecting small quantities of the second order and 
dividing by JE, and multiplying by a, 



CHANGE OP SEA-LEVEL, 109 

constant = ~ + € ( - — /a' j + -^ 1 Udu ; 

.*. - = constant + € . /a' — ^ Udu. 

Comparing this with the value of - when U is neglected, 
we have 

5 = 1 + 6. /.'-JJC/aw. 

1 dr 
Now - -jn^^ *^® tangent of the angle between r and the 



d0 



normal, = tan yfr suppose. 

Hence S^, or the angle through which the normal is 
thrown back by the force Z7, being small, 

Hence the element ds of the undisturbed meridian line on 
the surface of the sea is elevated, on the side towards which 
ZJacts, by the space, 

ds . dyjt = ET ^ jZ ^ = "e^ ^^^ = — du; 

if 

.'. whole elevation of the sea-level = - | Udu. 

ffJ 

integrated from the point where ?7 begins up to the point in 
question. 

107. Ex. 1. The Himmalayas attract places along the 
coast of Hindostan with a force nearly varying inversely as 
the distance from a line running East and West in North 
latitude 33^, and equal to ff tan 7" at 1060 miles distance : 
(see Phil Trans. 1859). Find the effect upon the sea-level 
between Cape Comorin (lat. 8°) and Karachi (lat. 25^) arising 
from this cause. 
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In this case Z7= - g tan 7" , u being the distance 

" u 

from the parallel of 33®. We may take the arc for the chord. 

Therefore rise of sea-level from this cause 

3^® — ft® 
= 1060 tan 1" log. ggirr^ miles 

1060 xTtt , 25 ^^„, 0-49485 ., 
log. -^ = 0-036 X — — - mile 



180 X 60 X 60 ^'8 0-434 

= 0-0369 mile = 195 feet. 

Ex. 2. As the distance from the parallel of 33® increases 
the force will tend more towards varying as the inverse 
square. Suppose that to the distance 1060 miles (=15^27) 
it varies as the inverse distance, and beyond that as the in- 
verse square. For the first we must integrate as above : the 
result will be 

0-036 log. ^4?^^ = 0-036 5|J|^ = 0-02535 mile = 134 feet 

For the more southern part Z7= — 5^ tan 7" ( j , and tiie 

rise of the level (since 1060 miles = 15^-27) 

/I '5°'27 1 5°'27\ 
= 1060tan7"fJ^ — 255-)=^*^^^^^'^^^=^'^l^™^le=74feet. 

The sum of these is 208 feet, and is somewhat larger than 
the result before obtained. We shall not be above the mark, 
therefore, in using the former. 

Ex. 3. If u be the distance, in degrees, of the parallel of 
any place on the west coast of Hindostan from, that of Cape 
Comorin, then the force acting towards the north at any point 
of that coast, arising from the deficiency of matter in the ocean 
may be approximately represented by the following formuk 
(see Phil Tram. 1859) : 

(^0-000059556839 - 0*000002836162% + 0-000000004072tt^y. 
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Hence at this place the sea-level is higher than at Gape 
Comoriny in consequence of this cause, by 

0-000059556839U - 0-000001418081i^ + 0-000000001357i*', 

u being expressed in linear degrees. 

Karachi is about 17* higher north than Cape Comorin, and 
therefore, from the above cause, the sea is higher at Karachi 
than at Cape Comorin bj 

0-00122 of a linear degree = 0-8489 mile = 448 feet 

Taking the result of both these causes together the in- 
crease in height of the sea level at Karachi above that at 
Cape CaiQorin, arising from the drawing of the waters north- 
wards by the Himmalajas and in consequence of the defi- 
ciency of attraction of the Ocean, = 643 feet. 

108. The instance we have here taken is an extreme one, 
as no other coast can be found so circumstanced, having such 
an enormous attracting mass on one-side, and at the same time 
so vast an expanse of Ocean on the opposite. 

The value of V which we have used in determining our 
formula is altogether independent of the arrangement of the 
interior of the Earth's mass (see Art. 91), and therefore the 
calculation is general. 

It is evident that this difference of level will have no per- 
ceptible effect upon the mapping of the country, as an error 
in the ellipticity or amplitude may have (Art. 104). The 
error in the meridian aistance between Karachi and Cape 
Comorin, arising from 643 feet of difference in level, is less 
than 30 feet. The only way in which it can become at all 
perceptible is in the comparison of heights, as deduced from 
the two levels. 

109. The general result at which we have arrived in this 
Chapter is, that the evidence afforded by geodetic operations 
is altogether in favour of the hypothesis that the Earth waa 
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at one time a fluid mass. But the irregularities which at 
present exist at the surface, and it may be also in the interior 
of the mass, cause such deviations in the direction of the 

J)lumb-line, as to render it necessary to determine and allow 
or these deviations, before the measurements can be safely 
trusted for mapping a country with high scientific nicety. 

110. While this Treatise has been passing through the 
press, we have received a copy of the Volume lately published 
by Lieut.-Colonel James, R. E. On the Ordnance Survey of 
ofreat Britain and Ireland; and are very glad to have the 
opportunity of adding to this Chapter some Propositions 
suggested by that valuable work, especially as it will bring 
before our readers a fuller explanation, than we have yet 
given, of the method pursued in applying the observations 
and measures to the geodetic calculation of the Earth's 
form. 

Let p = A+2B cos 2Z+ 2(7 cos 4Z, be the radius of cur- 
vature of the meridian at a point of which the latitude is I 

Prop. To prove that if the meridian he an ellipse^ 

111. Let px'f/' be the radius of curvature and co-ordinates 
to a point in latitude I, in an ellipse, 

at) a a 

From these we obtain, 

a?' = a cos Z (1 — e' sin' lf\ y' ^a sin ? (1 — 6*) (1 — e* sin'Q"*, 

p' = a(l;-e')(l-e'sin'Z)-«. 
Expanding this last, neglecting e*.... 
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p'=a(l-e') (1 +|e' am' I + ^ e* sin* T) 

2 o 



Compaxing this with 

p' = A + 2Bcos2l+2Ccosil, 

A = a(l--e'- — e*), £=-a (U' ■¥ ^ e") , C=^ae*; 
\ 4 U J' \8 32 J' 128 ' 

the relation which was to be proved. 

112. Cor. The expansions of a?' and y will be required, 
we will therefore give them here. 



x^=^a- 



'0+§^*+^^*)«-^-(§^:+i§8^')-«^^+il8^*-«^f 



''=«{(^-|^-^^*) '^Hr'-ws ^') ^- ^^+ ils^'-^ j • 



Prop. To find an expression for measuring the departure 
of the curve of the meridian from an ellipse at any pointy when 
the meridian is not elliptical, 

113. Let xy be the co-ordinates to any point of which I is 
the latitude, and the radius of curvature as above. 

Now cot Z = — ^ , .". ~ — cosec'' I -7- : 

ax dar dx 

P. A. ^ 
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dx . 7 1 dy 7 

/. -jT = — />sm6, and ^ = /3C08 6; 

/. x=^{A-B) cosZ4- « (jB- C)cos3Z + - (7co8 5Z, 

y = (^ + 5) sInZ+ J (jB+ (7) sin 3Z+ i C7sm bl 



Let a and & be the semi-axes of the ctirvc, whether it be 
an ellipse or not. Hence these values of x and y give bj 
integration, 

a = A-B+\{B-0^\c=A-\B-^C, 

l=.A■\■B-\{B+C)+\c=A^-\B-^C, 
b' 8 B 



If we put these for a and e* in the expressions for x' and y 
in Art. 112, we shall have the co-ordinates of a point (lati- 
tude l) in the ellipse constructed upon the same axes aa those 
of the actual curve. After reduction, we get 

/. ^■'^' = ( ^""g;;j)(l5^^sZ-- cos 3Z + -cos5iJ, 
y-y = ((7-|^)(lsinZ + |sin3Z + ^8in5?), 
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Let Ss and Sr be the distances between the points (ajy) and 
{xy') measured along the arc of the ellipse ana the normal ; 

.-. & = — (a? — a?') sinZ+ (y— y') cosZ 
Sr = {x — x) cos Z + (y — y) sin I 

Prop. To obtain a formula Jbr correcting the amvlitvde of 
an a/rCy so as to make its m.easured length accord toith a given 
curve, 

114, Let s be the length of the arc and p the radius of 
curvature as before ; then, by integration, 

s = AI+ B am 2l + ^ C &m 4:1 + constant. 

Let l — i<l>, ? + i^ be the limits of «, Z being the latitude 
of the middle point, and ^ the amplitude of the arc ; 

.*. s = A<l> 4- 25 cos 2Z sin ^ + (7 cos 4? sin 2^. 

Suppose now that x^x^' are the small corrections which must 
be applied to the oJ^erve^ latitudes, Z— ^^, l+^i, to make 
them accord with the measured length s. Then 6 — J^ + a; 
and 1 + ^(f> + x^ and ^ 4- a?/ — x^ must be put instead ot 
^■"i^j ^ + i^, and <f> in the above formula. Hence, neg- 
lecting the squares of small quantities, 

5 = -4(^4-a;/ — a;J +25cos2Z{sin^4-(a;/ — a?J cos^} 

+ Ccos 4Z (sin 2^ + 2 (a;/ - a;J cos 20} ; 

.*. {xl — ajj) {A + 2jB cos cos 2Q 

= « — A<\) — 25 cos 2Z sin — (7 cos 4Zsin20. 
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Put 



A + 2B cos ^c6s2l^A-^ fi; 



.\ a;/ — a^j = f -J -- ^ j /Lfc -^ sin ^ cos 2l — ~ sin 2^ cos 4tl 

For convenience of calculation the following substitution 
may be made ; 

^=-^ri+-^i 

A 2089000 V 10000/ 



2B_ 1 



V 



C 



A 200 10000' A 10000' 
and the above formula will become 

a;/ = m + a Z7+ )8 F+ 7-2^+ x^ 

where w, a, ^8, 7 are functions of the observed latitudes, the 
measured length, and numerical quantities only; and can 
therefore be determined. 

115. As an example which the student may work out for 
himself, the following is selected from the volume of the 
Ordnance Survey. 



Station. 



Damargida 

Kalianpur 

Kaliana 



Observed 



Latitudes. 



18° 3' 15"-292 
24 7 11 -262 
29 30 48 -322 



Amplitudes. 



ftf tfft. 



6" 3'55"-970 
11 27 33 -030 



Measured 
Arcs in feet. 



2202904-7 
4164042-7 



If ajj be the correction for Damargida, then the formula^ 
when the numbers are substituted, will give these coireo' 
tions : 

For Kalianpur...- 4-063 + 2-1831 U+ 1-6212 F+ 0-4285Z+a-„ 
... Kaliana ...+ 0-365 + 4-1251^74- 2-7741 F-0-7213Z+ a?,. 
Also &• = - 29-01 - 1 • 16 F- 557-07Z feet. 
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Prop. To explain the process hy which the mean figure of 
the earth is obtained from the obserr^ed latitvdes and the mea^ 
sured arcs by the Principle of Least Squares. 

116. Suppose that we have a number of equations with 
numerical coefficients connecting a number of unknown quan- 
tities, less in number than the equations ; if the equations are 
true, the same values should come out whichever of the equa- 
tions we use in the process of elimination. In Physical 
Science it often happens that we have a problem of this sort, 
in which the numerical coefficients, being obtained from ob- 
servations, are not exact, but only approximate. If the cor- 
rect values of the unknown quantities were substituted, they 
would not exactly satisfy the equations, but small residuary 
errors will appear, differing according to the set of equations 
we select for elimination. It would seem, therefore, difficult 
to determine which of all the results actually obtained is 
nearest the truth. The late Professor Gauss discovered the 
Principle of Least Squares, which is of eminent service in 
such cases of perplexity. The principle is this ; that those 
values of the unknown quantities are nearest the truth which 
make the sum of the squares of the errors the least possible. 
In using this principle the Differential Calculus will evidently 
fomish us with exactly as manv equa,tions as there are un- 
known quantities ; and the problem will be solved, with the 
nearest approximation to the truth attainable. 

In this manner the mean Figure of the Earth may be de- 
termined. In the Volume of the Ordnance Survey eight arcs 
in Europe and India, consisting of 66 subordinate portions, 
have been used. In each arc the errors in the latitudes of 
the principal stations, which divide it into its subordinate 
portions, are calculated, as in the last Article, in terms of 
UVZ and the unknown error (as x^ in one of the terminal 
stations, or in anyone of the stations chosen as a starting 
point. The eight arcs will thus furnish 66 formulae of cor- 
rection, (similar to that for a?/ in the last Article), involving 
eleven unknown quantities Z7, F, Z, x^^x^.^.x^. The nearest 
values of these are obtained by differentiating the sum of the 
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squares of these corrections with respect to these unknowns 
and equating the results to zero. The process of calculation 
is very laborious, as may be seen by referring to the volumes 
of the British Ordnance and Indian Surveys. 

117. In the Ordnance Volume the following results are 
brought out : — 

?7=- 0-6937, F= 1-4838, Z= 0.3739, 

and these make 

a, or semi-axis major, = 20927197 feet, 
&, minor, = 20855493 ... 

6, or elUpticity, = ^ , 

and the value of Sr in Art. 115 becomes 117-5 sin" 2Z feet, 
«\rhich shows that the greatest departure from the elliptic 
form is in latitude 45^, and equals 177-5 feet. 

The correction of the latitude of Damargida (i.e. the value 
ofxAn Art. 115) is — 0"-246, and the consequent corrections 
for Kalianpur and Kaliana are — 3"-578 and 1 "'643, for the 
above mean values of UV and Z. 

The above measures determine that curve which is nearest 
to the meridian, of all the curves represented by the general 
formula in Art. 110. It appears to be very nearly elliptical, 
bulging out but slightly in the middle latitudes. 

Peop. To explain the process of finding the ellipse mosi 
nearly representing the observations, 

118. The process is precisely similar to that explained 
in the last Article, except that G is first made equal to 

5 ^ 

- -J- , that the curve may be an ellipse. This gives, by Art. 

114, 
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10000 24 V200 lOOOOy ' • • ^ 96 480 * 

There will be only ten unknown quantities in this case. 
The corrections for Kalianpur and Kaliana in terms of {x^ 
and that for Damargida are 

- 4"-085 + 2"-1831 U+ l"-6203 V+ x^ , 
0-403+ 4-1251 ?7+ 2-7756 F+aj^. 

The calculation makes U— - 0*3856, F= 1-0620. 

The value of 8r is zero when Z is substituted, as of course 
it should be. Also 

a = 20926348, J = 20855233, € = — ^, 

' 294-26 ' 

which Colonel James takes as the final result regarding the 
figure of the earth (see his Preface). 

The corrections for latitude (in the example we have taken 
all along) are a;j = 0"-050, for Kalianpur — 3"-156, and for 
Kaliana 1"-810. These are the quantities by which, according 
to the Principle of Least Squares, the observed latitudes must 
be altered to make the measured arcs accord with the mean 
ellipse above determined. 

119. What has gone before leads to the determination of 
only the Mean Figure of the Earth. Any one meridian may 
possibly differ from this mean form owing to local causes, such 
as the rising or sinking of the surface from internal expansion 
and contraction of the materials of the crust, which may have 
taken place since the form ceased to be regulated by the laws of 
fluid equilibrium. Indeed the average result even seems to point 
out that some such change has occurred. For in Art. 117, it 
appears that the calculations in the Ordnance Survey Volume 
show, that there is a slight protuberance in the middle lati- 
tudes, even in the mean figure of the earth. 

If there be any local deviations from the mean figure fur- 
ther than this, India seems to present phenomena whick 
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would suggest, that these deriatMHis must exist ihere if any- 
where ; and in that coimtiT an extensive and well-execDted 
Harrej' has been carried on. which supplies ns with data. 
The particular case of the Indian Arc has been used for illus- 
tration in the preceding reterences to the Ordnance Volnme, 
because the formnlas wiQl now be of use in the following cal- 
culations. 

In India there are Tisible sonrcea of error in the position 
of the plumb-line which ought not to be overlooked. The 
mountain-mass on the North, and the ocean on the South bj 
iU deficiency of matter, both tend to give tlie plumb-line a 
deviation northward and through different angles. The author 
has approximated to the amount of these deflexions, as before 
stated m this Treatise ; and has applied the results as correc- 
tions to the observed latitudes, and then deduced the cor- 
responding ellipticity. It has been seen in Art. 98, that the 
elhpticity thus deduced differs considerably from the mean. 
The inference which the author has drawn from this has 
been, that the Indian Arc is cur\'ed differently to the mean 
ellipse. 

Captain A. Clarke, K.E.* has, however, viewed the sub- 
ject m a better light. He suggests that the more correct 
course is to take the calculated deflections and the mean 
ellipse as the data of the problem, and, by the principle of 
least squares, to find the corrections in both the deflections 
end the form of the meridian (thus taken to be the mean) 
which will give the best result. This he has done, taking 
account only of the deflections caused by the mountains. The 
result is an ellipse much nearer the mean than before ; and the 
corrections to tne calculated deflections are small. 

It is since this calculation was made by Captain Clarke, 
that the effect of the ocean upon the plumb-line Has been esti- 
mated. We propose, therefore, now to go through the whole 
calculations, taking into account both causes of disturbance. 

* Captain Clarke is the writer of that part of the Ordriance Survey Yoliune 
which treats upon the Figure of the Earth, as stated in the Preface to the 
Volume, 
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PeoP. To determine the form of the ellipse which most 
nearly accords with the msan ellipse^ and* at the same time 
most nearly meets the anomalies in India arising from local 
attraction. 

120. Let ?j, ?j, Z3 be the latitudes of Damargida, Kalian- 
pur, and Kaliana, corrected to the mean ellipse, so that (see 
Art. 118) the observed latitudes are 

Zi-0"-05, Z,+ 3"-16, ?3-r-81. 
If, now, taking a general case, 

are the observed latitudes, then by Art. 118, 

^1 ~ ^1 > 

6j = -4-085 + 2-1831 Z74- 1-6203 F+ a;,, 

63= 0-403 4- 4-1251 Z7+ 2-7756 F+a?!, 
and ej4-0"-05, e,-3"-16, e3+l"-81, 

are the errors in the observed latitudes as affected by de- 
flection. 

These equations give 

U= - 0-3856 + 1-85006', - 4-444662+ 2-5946^3, 

F= 1-0620 - 3-10986^ + 6-60566^-3-495863. 

Suppose that d^, d^, d^ are the angles of deflection caused 
by the mountains and the ocean. Then the ellipse which will 
most nearly satisfy the Indian Arc is that which makes 

{e^-d,y+{e,^d,y+{e,--d,y 

+ (1-85006^ - 4-444663 + 2-594663)* 
+ (- 3-10986^ + 6-60566^ - 3-49586J* 
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a mimBmni. Bj izS^s^srracd'x^ vitih respect to e^^ «,, e^, we 
obtain tixrbe cqnadcais. viidn afiia' tzansfCTuoioii beanne 

e, = - (rl2ii^4(f^ -5- <rS5715if, + 0-768i3<^, 

and from these ire find 

r= - (ra856 - 0-13760(7^ - Oi>3671rf,+ 0-17432^, 
F= 1-0620 - O-lSdOSrf^ 4- 0-074g4J, + 0^06325^,. 

The Tallies of J^, </,, </, are now to be snbstitated: they 
arc (»ee FkU. Trans. 1859) : 

By the mountainfl 6"-79 12"-05 27"-98 

By the ocean 10 -44 9 00 6 -18 

rf, = 17-23, J, = 2105, J, = 34-16 

When these are substituted in the above formulse we have 
ej=16"-25, 6, = 24"-58, e, = 31"-61, 
J7= 2-4255, F= 2-4189. 

Hence the errors in the observed latitudes as affected by 
deflection, or 

6, + 0"-05, 6,-3"-16, e3+r'-81, 
are 16"-30, 21"'42, 33"-42. 

These ore less than the deflections by the small quantities 

0"-93, -0"-37, 0"-74; 

and are oven nearer to them than in the case calculated by 
Captain Clarke, where the efiect of the ocean is not con- 
sidorcd. 
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The values of U and V give the following results for the 
semi-axes and ellipticity : — 

a = 20919988, h = 20846981, 

These aa^es are, the first smaller by 340 feet, and the second 
larger by 459 feet, than in the former case ; and the ellipticity 
is nearer to the mean value. 

^ So far, then, from the additional disturbance in the plumb- 
line caused by the ocean interfering with the favourable 
result arrived at by Captain Clarke, it improves it; as it 
brings out an ellipse still nearer to the mean ellipse. 

121. Cor. If the ellipticity of the ellipse had come out 
the same as the mean ellipticitv, still the first of the two 
sources of error in mapping (pomted out in Art. 104) would 
exist, if the deflections are not calculated and allowed for. 
The position of places marked on the map by geodetic deter- 
mination will not correspond with the latitudes deduced from 
the heavenly bodies. 

But, as pointed out in the same Article, there will be 
another error besides this, because the ellipticity difiers from 
the mean. This, however, will be in this case very small. 
Following the same process as in the examples of that Article, 
we have : 

The actual ellipticity is — - , 

.-. ds = 453-54 X 0-00014 = 0-0635 mile = 33 ft. 

Prop. To determine how much the most probable ellipse 
places the surface above or below the mean ellipse, in the northern 
parts of India f i.e. in latitude 30°. 
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122. The radius vector in latitude Z is a (1 — € sin*?), or 
a(l— Je) in latitude 30^ Substitute in this formula the 
values of a and € for the mean ellipse taken from Art. 118, and 
then for the most probable ellipse from Art. 120. The radius 
vector in the two cases is 

20908705 and 20901737 feet. 

Hence, in those parts, this makes the actual surface 6968 
feet, or about one mile and a third, nearer to the centre of the 
earth than the mean surface. 



123. That such a change in the surface of the earth may 
have taken place in time past, is not unsupported by evidence. 
That oscillations take place over vast regions is now a well- 
established fact in geological science. Within ascertained 
geological, though not chronological, periods it is certain, 
from the evidence of myriads of fossils, that the whole of 
Europe, as well as the whole of the continent of Hindostan 
up to the foot of the Himmalaya Mountains, was beneath the 
surface of the ocean. Here is a clearly determined fact. The 
surface has heaved itself above the waters in some parts, and 
sunk beneath them in others, so as to produce this change of 
level. This can have arisen in no way, but in consequence of 
internal changes of some kind in the earth's mass. The 
amount of change in level which we may, by the help of 
geological evidence, succeed in measuring between present 
seas and continents which border upon each other, is by no 
means a fair criterion of the total change, either of upheaval 
or depression with reference to the centre of the earth of the 
whole vast region, comprising both the seas and continents in 
question. It being granted, since geology requires it, that 
changes have taken place in the mass oi the earth within 
geological periods so as to alter the level of the surface, there 
is ng difficulty in conceiving, that while one vast region of 
some thousands of miles in extent in every direction has risen 
up or simk down, through a mile or even more, with reference 
to the centre of the earth, the relative level of seas and con- 
tinents comprised in that region may have altered by only 
a fraction of a mile. Geology proves that there certainly 
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has been a relative change of level; that this has been 
brought about by a still greater change of upheaval or de- 
pression (such as the above calculations lead to) seems, then, 
to be highly probable in itself. 

124. It may be objected, that in such a change of level 
as one mile or so, the ocean would altogether flow away or 
entirely cover over the region, according as the change was 
one of elevation or depression. But the answer to this is, 
that a slight variation in the density of the interior mass 
must produce a slight change in the ellipticity of the surface 
of equilibrium, (see Art. 78). With the movement of the sur- 
face, therefore, arising from internal changes of the mass, the 
form of equilibrium will alter also ; and there is no reason 
why the ocean should not still retain its former general place 
on the surface, and undergo only those smaller changes and 
shiftings which geology proves have taken place. 

There seems to be, then, upon the evidence of geological 
phenomena, every reason why we should expect to find different 
parts of the earth curved somewhat differently. It would be 
singular if this were not the case. With reference to India in 
particular, the mountains on the north and the ocean on the 
south are visible objects, which thrust upon our notice data 
which cannot properly be neglected in the problem of the 
Figure of the Earth, as determined by geodesy in which the 
plumb-line is used. To assume that there must be most 
probably some undiscovered causes at work, exactly nullify- 
ing the derangements of the plumb-line, produced by these 
known and measurable objects ; and that, moreover, solely for 
the purpose of maintaining the hypothesis, that the earth's 
surface, to the present day, everywhere preserves its exact 
original spheroidal form, when there are h priori arguments 
to show how imlikely this is to be the case — appears to us to 
be a clear case of petitio principii. 

125. If, however, it be assumed — ^which seems to be hardly 
justifiable — that the nearest representative of every arc on the 
earth's surface is the mean ellipse, it is nevertheless clear that 
mountain and ocean attraction must not be neglected. Even 
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if the most probable curve be the mean ellipse, or nearly sa 
the latitudes determined by the heavenly bodies will all need 
correction for deflection of the plumb-line : and the importance 
of measures being taken to ascertain their amount wid 
more accuracy is not diminished. 



THE END. 
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8vo. U. 

IX.— The Case of Queen's College, London. 

8vo. Is. 6d. 

X.— The Worship of the Church a Witness for the 

Redemption of the World. 8vo. sewed. Is. 

MAYOR.- Cambridge in the Seventeenth Century. 

2 vols. fcap. 8vo. cloth, 13«. 

Vol. I. Lives of Nicholas Ferrar. 
Vol. II. Autobiography of Matthew Robinson. 
By JOHN E. B. MAYOR, M.A. Fellow and Assistant Tutor of St. John's 
College, Cambridge. 
*«* The Autobiography of Matthew Robinson may be had separately, price Ss. 6d. 

MAYOR.— Early Statutes of St. John's College, Cambridge. 

Now first edited with Notes. Royal 8vo. IBs. 

*»• The First Part is now ready for delivery. 
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MAXWELL— The Stability of the Motion of Saturn's Rings. 

By J. C. MAXWELL, M.A. Professor of Natural Philosophy in the Uni- 
versity of Aberdeen. 4 to. sewed, 6«. 

MOORE.— A New Proof of the Method of Algebra commonly 

called " Greatest Common Measure." By B. T. MOORE, B.A, Fellow of 
Pembroke College, Cambridge. Crown Syo. 6d. 

MORGAN.— A Collection of Mathematical Problems and 

Examples. Arranged in the Different Sul^ects progressively, with Answers 
to all the Questions. By H. A. MORGAN, M. A., Fellow (of Jesus Col- 
lege. Crown 8vo. cloth, 6s. 6d. 

MORSE.— Working for God, and other Practical Sermons. 

By FRANCIS MORSE, M.A. Incumbent of St. John's, Ladywood, Bir- 
mingham. Second Edition. Fcap. 8vo. cloth, 5<. 

NAPIER.— Lord Bacon and Sir Walter Raleigh. 

Critical and Biographical Essays. By MACVEY NAPIER, late Editor 
of the Edinburgh Review and of the Encyclopcedia Britannica. Post 8vo. 
cloth, 7». 6d. 

NORWAY AND SWEDEN.— A Long Vacation Ramble in 

1856. By X and Y. Crown 8vo. cloth, 6«. 6d. 

OCCASIONAL PAPERS on UNIVERSITY and SCHOOL 

MATTERS ; containing an Account of all recent University Subjects and 
Changes. Two Parts are now ready, price Is. each. 

PARKINSON.— A Treatise on Elementary Mechanics. 

For the Use of the Junior Classes at the University, and the Higher Classes in 
Schools. With a Collection of Examples. By S. PARKINSON, B.D. Fellow 
and Assistant Tutor of St. John's College, Cambridge. Crown 8vo. cloth, 9s. 6d, 

PARKINSON.— A Treatise on Optics. 

Crown 8vo. cloth, 10«. 6d. 

PARMINTER.— Materials for a Grammar of the Modem 

English Language. Designed as a Text-book of Classical Grammar for the 
use of Training Colleges, and the Higher Classes of English Schools. By 
GEORGE HENRY PARMINTER, of Trinity College, Cambridge; Rector 
of the United Parishes of SS . John and George, Exeter. Fcap. 8vo. cloth, 3«. 6d . 

PEROWNE.-" Al-Adjrumiieh." 

An Elementary Arabic Grammar. By J. J. S. PEROWNE, B.D. Lecturer 
in Divinity in King's College, London, and Examining Chaplain to the 
Lord Bishop of Norwich. 8vo. cloth, 5s. 

PERRY.— Sermons Preached before the University of Cam- 
bridge. By the Right Rev. CHARLES PERRY, Lord Bishop of Melbourne, 
formerly Fellow and Tutor of Trinity College, Cambridge. Crown 8vo. 
cloth, 3s. 

PHEAR.— Elementary Hydrostatics. 

By J. B. Phear, M.A. Fellow of Clare College, Cambridge. Second 
Edition. Accompanied by numerous Examples, with the Solutions 
Crown 8vo. cloth, 5s, 6d, 
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PHIL0L0G7.— The Jonmal of Sacred and Classical Philology. 

Vols. I to III. 8vo. clotli, 12«. 6d. each. 

PLAIN RULES ON EEGISTBATION OF BIRTHS AND 

DEATHS. Crown 8vo. sewed, \d. ; 9d. per dozen ; 5«. per 100. 

PLATO.—The Republic of Plato. 

Translated into English, with Notes. B7 Two Fellows of Trinity College, 
Cambridge, (J. LI. Davies M.A., and D. J. Vaughan, M.A.) Second 
Edition. 8vo. cloth, 10<. Od. 

PRINCIPLES of ETHICS according to the NEW TESTA- 

MENT. Crown 8¥0. sewed, 2«. 

PROCTER.— A History of the Book of Common Prayer: with 

a Rationale of its Offices. By FRANCIS PROCTER, M.A., Vicar of Witton, 
Norfolk, and late Fellow of St. Catherine's College, Fourth Edition^ 
revised and enlarged. Crown 8vo. cloth, lOs. 6d. 
*«* This forms part of the Series of Theological Manuals. 

PUCELE.— An Elementary Treatise on Conic Sections and 

Algebraic Geometry. With a numerous collection of Easy Examples pro- 
gressively arranged, especially designed for the use of Schools and Beginners. 
• By 6. HALE PUCKLE, M. A., Principal of Windermere College. Second 
Edition^ enlarged and improved. Crown 8vo. cloth, 7s. 6d, 

RAMSA7.— The Catechiser's Manual; or, the Chnrch Cate- 
chism illustrated and explained, for the use of Clergymen, Schoolmasters, 
and Teachers. By ARTHUR RAMSAY, M.A. of Trinity College, 
Cambridge. 18mo. cloth, 8«.6d. 

REICHEL.— The Lord's Prayer and other Sermons. 

By C. P. REICHEL, B.D., Professor of Latin in the Queen's University; 
Chaplain to his Excellency the Lord-Lieutenant of Ireland ; and late Don- 
nellan Lecturer in the University of Dublin. Crown 8vo. cloth, 7s. 6d. 

ROBINSON.—Missions urged upon the State, on Grounds 

both of Duty and Policy. By C. K. ROBINSON, M.A. Fellow and Assistant 
Tutor of St. Catherine's College. Fcap. 8vo. cloth, Ss, 

RUTH AND HER FRIENDS. A Stoiy for Gh-ls. 

With a Frontispiece. Second Edition. Fcap. 8vo. cloth, 5s. 

SALLUST.— Sallust for Schools. 

With English Notes. Second Edition. By CHARLES MERIVALE, 
B.D.; late Fellow and Tutor of St. John's College, Cambridge, &c.. Author 
of the ♦' History of Rome," &c. Fcap. 8vo. cloth, 4*. 6d. 
** The Juourtha" and " The C atilina " may be had separately, price 2«. 6d. 

EACH IN CLOTH. 

SCOURING OF THE WHITE HORSE; or, The Long 

Vacation Ramble of a London Clerk. By the Author of *<Tpm Brown's 
School Days." Illustrated by Dotle. Elfflitli Thonsand. Imp. 16mo. 
cloth, elegant, Ss, 6d» 

SELWYN.-The Work of Christ in the World. 

Sermons preached before the University of Cambridge. By the Right Rev. 
GEORGE AUGUSTUS SELWYN, D.D. Bishop of New Zealand, formerly 
Fellow of St. John's College. Third Edition. Crown Svo. 2<. 
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SELWYN.-A Verbal Analysis of the Holy Bible. 

Intended to facilitate the translation of the Holy Scriptures into Foreign 
Languages. Compiled for the use of the Melanesian Mission. Small folio, 
cloth, lis. 

SIMPSON.-An Epitome of the History of the Christian 

Church during the first Three Centuries and during the Reformation. With 
Examination Papers. By WILLIAM SIMPSON, M.A. Third Edition. 
Fcp. 8vo. cloth, 5«. 

SMITH.-City Poems. 

By ALEXANDER SMITH, Author of "A Life Drama," and other Poems. 
Pcap. 8vo. cloth. 5s. 

SMITH.— Arithmetic and Algebra, in their Principles and 

Application: with numerous systematically arranged Examples, taken from 
the Cambridge Examination Papers. By BARNARD SMITH, M.A., Fellow 
of St. Peter's College, Cambridge. Sixth Edition. Crown 8vo. cloth, 
lOs. 6d. 

SMITH.— Arithmetic for the use of Schools. 

New Edition. Crown 8vo. cloth, is. 6d. 

SMITH.— A Key to the Arithmetic for Schools. 

Crown 8vo. cloth, 8«. 6d. 

SMITH.— The Koran in India. 

By LUMLEY SMITH, Fellow of Trinity Hall, Cambridge. 8yo. sewed, 2$, 

SNOWBALL.— The Elements of Plane and Spherical 

Trigonometry. By J. C. SNOWBALL, M.A. Fellow of St. John's College, 
Cambridge. Ninth Edition. Crown 8to. cloth, 7s. 6d. 

SNOWBALL.— Introdnction to the Elements of Plane Trigo- 
nometry for the use of Schools. Second Edition. 8vo. sewed, 5s. 

SNOWBALL. — The Cambridge Course of Elementary 

Mechanics and Hydrostatics. Adapted for the use of Colleges and Schools. 
With numerous Examples and Problems. Fourth Edition. Crown Svo. 
cloth, 5s. 

SPRAY. 

Crown Svo. boards, Ss. 

SWAINSON.— A Handbook to Butler's Analogy. 

By C. A. SWAINSON, M.A. Principal of the Theological College, and 
Prebendary of Chichester. Crown Svo. sewed, 2s. 

SWAINSON.— The Creeds of the Church in their Relations 

to Holy Scripture and the Conscience of the Christian. Svo. cloth, 9s. 

Contents :— I. Faith in God.— II. Exercise of our Reason.— III. Origin and 
Authority of Creeds.— IV. Inductive Proof of the Creeds.— V. Continual 
Guidance of the Spirit.— VI. Test and Application of Scripture.— 
VII. Private Judgment.— VIII. Strengthening of the Judgment and the 
Preparation for Controversy. With an Appendix. 

TAIT and STEELE— A Treatise on Dynamics, with nume- 
rous Examples. By P. G. TAIT, Fellow of St. Peter's College, Cambridge, 
and Professor of Mathematics in Queen's College, Belfast, and W. J. STEELE, 
late Fellow of St. Peter's College. Crown Svo. cloth, 10«. 6d. 
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TAYLOR.— The Restoration of Belief. 

By ISAAC TAYLOR, Esq.. Author of "The Natural History of Enthu- 
siasm." Crown 8vo. cloth, Ss. 6d, 

THEOLOGICAL Manuals. 

CHURCH HISTORY: DURING THE MIDDLE AGES AND THE 

REFORMATION (a.d. 690—1600). By ARCHDEACON HARDWICK. 

With Four Maps, 2 vols. Crown 8yo. cloth, price 10«. 6d. each. 
THE COMMON PRAYER : ITS HISTORY AND RATIONALE. By 

FRANCIS PROCTER. Fourth Edition. Crown 8vo. cloth, 10«. 6d, 
HISTORY OF THE CANON OP THE NEW TESTAMENT. By 

B. F. WESTCOTT. Crown 8vo. cloth, I2s. 6d. 

*«* Others are in progress, and will be announced in due time. 

THRING.— A Construing Book. 

CompUed by the Rev. EDWARD THRING, M.A. Head Master of Up- 
pingham Grammar School, late Fellow of King's College, Cambridge. Fcap. 
8vo. cloth, 2«. 6d. 

THRING.— The Elements of Grammar tanght in English. 

Second Edition. 18mo. bound in cloth, 2«. 

THRING.— The Child's Grammar. 

Being the substance of the above, with Examples for Practice. Adapted for 
Junior Classes. A NeT7 Edition. 18mo. limp cloth, U. 

THRING.— Sermons delivered at Uppingham School. 

Crown 8vo. cloth, 5». 

THRING.-School Songs. 

A Collection of Songs for Schools. With the Music arranged for four Voices. 
Edited by EDWARD THRING, M.A., Head Master of Uppingham School, 
and H. RICCIUS. Small folio, 7$. 6d. 

THRUPP.— Antient Jerusalem: a New Investigation into the 

History, Topography, and Plan of the City, Environs, and Temple. Designed 
principally to illustrate the records and prophecies of Scripture. With Map 
and Plans. By JOSEPH FRANCIS THRUPP, M.A. Vicar of Barrington, 
Cambridge,late Fellow of Trinity College. 8vo. cloth, 15«. 

THOMPSON.— A Sermon preached after the Funeral of the 

late DEAN PEACOCK. By W. H. THOMPSON, M.A., Regius Profeswr 
of Greek in the University of Cambridge. 8vo. 1«. 

THUCYDIDES, BOOK VI. With English Notes, and a Map. 

By PERCIVAL FROST, Jun. M.A. late Fellow of St. John's College, 
Cambridge. 8vo. 7«. 6d, 

TODHUNTER.— A Treatise on the Differential Calculus. 

With numerous Examples. By I. TODHUNTER, M.A., Fellow and 
Assistant Tutor of St. John's College, Cambridge. Second Edition, 
Crown 8vo. cloth, 10«. ed. 

TODHUNTER.-A Treatise on the Integral Calculus. 

With numerous Examples. Crown 8vo. cloth, lOs. 6d. 
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TODHUNTER. — A Treatise on Analytical Statics, with 

numerous Examples. Second Sdition. Crovm 8vo. cloth, lOs. 6d. 

TODHUNTER.— A Treatise on Conic Sections, with 

numerous Examples. Second Edition. Crown 8vo. cloth, 10«.6<f. 

TODHUNTER—Algebra for the nse of Colleges and Schools. 

Crown 8vo. cloth, 7«. 6d. 

TODHUNTER. — Plaie Trigonometry for Colleges and 

Schools. Crown Svo. cloth, 5s. 

TODHUNTER.— A Treatise on Spherical Trigonometry for 

the Use of Colleges and Schools. Crown Svo. cloth, 4«. 6d. 

TODHUNTER.— Examples of Analytical Geometry of Three 

Dunensions. Crown Svo. cloth, 4«. 

TOM BROWN'S SCHOOL DAYS. 

By AN OLD BOY. Sixth Edition. Crown Svo. cloth, 10«. 6d, 

TRENCH.— Synonyms of the New Testament. 

By The Very Rev. RICHARD CHENEVIX TRENCH, D.D. Dean of West- 
minster. Fourtli Edition. Fcap. Svo. cloth, 5s. 

TRENCH.— Hulsean Lectures for 1845—46. 

Co^TENT8. 1. — The Fitness of Holy Scripture for unfolding the Spiritual Life 
of Man. 2. — Christ the Desire of all Nations ; or the Unconscious Pro- 
phecies of Heathendom. Fourth Edition. Foolscap Svo. cloth, 5s. 

TRENCH.— Sermons Preached before the University of Cam- 
bridge. Fcap. Svo. cloth, 2s. 6d. 

VAUGHAN.— Notes for Lectures on Confirmation. With 

suitable Prayers. By C. J. VAUGHAN, D.D., Head Master of Harrow 
School. Second Edition. Limp cloth, red edges, Is. 6d. 

VAUGHAN.— St. Paul's Epistle to the Romans. 

The Greek Text, with English Notes. By C. J. VAUGHAN, D.D. Svo. 
, cloth, 7s. 6d. 

VAUGHAN.— Sermons preached in St. John's Church, 

Leicester, during the years 1S55 and 1S56. By DAVID J. VAUGHAN, M.A. 
Fellow of Trinity College, Cambridge, and Incumbent of St. Mark's, White- 
chapel. Crown Svo. cloth, 5s. 6d. 

VAUGHAN.— Three Sermons on The Atonement With a 

Preface. By D. J. Vaughan, M.A. Limp cloth, red edges. Is. 6d. 

WAGNER.— Memoir of the Rev. George Wagner, late of St. 

Stephen's, Brighton. By J. N. SIMPKINSON, M.A. Rector of Brington, 
Northampton. Second Edition. Crown Svo. cloth, 9». 

WATERS OF COMFORT.-A Small Volume of Devotional 

Poetry of a Practical Character. By the Author of " Visiting my Relations." 
Fcap. Svo. cloth, 4s. 

WESTCOTT.— History of the Canon of the New Testament 

during the First Four Centuries. By BROOKE FOSS WESTCOTT, M.A., 
Assistant Master of Harrow School ; late Fellow of Trinity College, Cam- 
bridge. Crown Svo. cloth, 12*. 6d. 

•«^ This forms part of the Series of Theological Manuals 
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WESTCOTT. — Characteristics of the Gospel Miracles. 

Sermons preached before the University of Cambridge, with Notes. By 
B. F. WESTCOTT, M.A., Author of "History of the New Testament 
Canon." Crown 8vo. cloth, 4t. 6d. 

WHITMORE— Gilbert Marlowe and Other Poems. 

With a Preface by the Author of " Tom Brown's Schooldays." Fcap. 8vo. 
cloth, Z». 6d. 

WILSON —The Five Gateways of Knowledge. 

By GEORGE WILSON, M.D., F.R.S.E., Regius Professor of Technology in 
the University of Edinburgh. Seoond Bdition, Fcap. 8vo. cloth, 2s. 6d. 
or in Paper Covers, It. 

WILSON.— The Progress of the Telegraph. 

Fcap. 8vo. 1«. 

WILSON.— A Treatise on Dynamics. 

By W. P. WILSON, M.A., Fellow of St. John's, Cambridge, and Professor of 
itathematics in the University of Melbourne. 8vo. bds. 9s. 6d. 

WORSHIP OF GOD AND FELLOWSHIP AMONG MEN. 

A Series of Sermons on Public Worship. Fcap. 8vo. cloth, S«. 6d. 

By F. D. Maurice, M.A. T. J. Rowsell, M.A. J. Ll. Davies, M.A. 

and D. J. Yauohak, M.A. 

WRIGHT.— The Iliad of Homer. 

Translated into English Verse by J. C. WRIGHT, M.A. Translator of Dante. 
Crown 8vo. Books I. — VI. 5s. 

WRIGHT.— Hellenica; or, a History of Greece in Greek, 

as related by Diodorus and Thucydides, being a First Greek Reading 
Book, with Explanatory Notes, Critical and Historical. By J. WRIGHT, 
M.A., of Trinity College, Cambridge, and Head-Master of Sutton Coldfield 
Grammar School. Second Bdition^ with a Vocabulakt. ]2mo. 
cloth, S«. 6d. 

WRIGHT.— A Help to Latin Grammar; 

or, the Form and Use of Words in Latin. With Progressive Exercises. 
Crown 8vo. cloth, 4s. 6d, 

WRIGHT.— The Seven Kings of Rome : 

An easy Narrative, abridged tram the First Book of Livy by the omission of 
difficult passages, being a First Latin Reading Book, with Grammatical 
Notes. Fcap. 8vo. cloth, 8«. 

WRIGHT.— A Vocabulary and Exercises on the "Seven 

Kings of Rome." Fcap. 8vo. cloth, 2s. 6d. 
*»* The Vocabulary and Exercises may also be had bound up with "The Seven 

Kings of Rome." Price 5«. cloth. 



Price One ShiUing. 

MAC Ml LLANOS MAGAZINE. 

EDITED BY DAVID MASSON. 

No. 1. for November, 1859, contains, amongst other Articles, the First Part of 
'• Tom Brown at Oxford," a New Story by the Author of " Tom Browk's 
School Days." 

To be continued Monthly, 

K. CLAY, PRIMTER, BREAD STREET HILL. 



